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Abstract

This paper deals with the homotopy theory of differential graded operads.
We endow the Koszul dual category of curved conilpotent cooperads, where
the notion of quasi-isomorphism barely makes sense, with a model category
structure Quillen equivalent to that of operads. This allows us to describe the
homotopy properties of differential graded operads in a simpler and richer way,
using obstruction methods.
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Introduction

In representation theory, algebras act on vector spaces through endomorphisms,
and as such govern linear operations satisfying relations. In the same way, operads
encode categories of algebras, like associative algebras, commutative algebras, Lie
algebras, Batalin—Vilkovisky algebras, etc; and as such govern multi-linear opera-
tions satisfying relations. The correspondence between operads and their categories
of algebras is functorial. Indeed, any morphism of operads f : 9 — @ induces an
adjunction between the category of @-algebras and the category of 9-algebras.

This paper deals with the homotopy theory of differential graded operads over a
field of characteristic zero. For any dg operad &, the category of JP-algebras admits
a projective model structure whose weak equivalences are quasi-isomorphisms and
whose fibrations are surjections. Moreover, for any morphism of operads f from %
to @, the resulting adjunction between the categories of algebras is a Quillen equiv-
alence if and only if f is a quasi-isomorphism on the underlying chain complexes
of 2 and @. Hence, quasi-isomorphisms provide a suitable notion of equivalence
of dg operads. We know that the category of dg operads carries a model structure
whose weak equivalences are quasi-isomorphisms and whose fibrations are surjec-
tions, see Hinich 1997, Spitzweck 2001 and Berger and Moerdijk 2003.
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One may wish an effective approach to prove that two dg operads are weakly
equivalent or to prove that two morphisms of operads are homotopic. These ques-
tions are related to the computation of cofibrant resolutions of dg operads. A general
tool to produce such cofibrant resolutions is provided by the operadic bar-cobar
adjunction introduced first in Getzler and Jones 1994 which relates augmented
dg operads to dg cooperads. This is generalized in the article Le Grignou 2019 to
any kind of dg operads. The lack of augmentation of a dg operad is encoded into
a curvature at the level of cooperads. Thus, we have an adjunction relating the
category of dg operads to the category of curved conilpotent cooperads.

o
Curved conilpotent cooperads <T_> dg Operads

c

The importance of this adjunction with respect to the computation of cofibrant
operads lies in the fact that for any operad &, the counit map Q,B.P — P isa
cofibrant resolution of %. Hence, to describe homotopies between morphisms of
dg operads from 9 to @, it is convenient to take place in the larger framework
of morphisms from Q, B, to @, which are equivalent to morphisms of curved
conilpotent cooperads from B, to B.@; it is thus convenient to encode the homo-
topy theory of dg operads not in the category of dg operads itself but in the category
of curved conilpotent cooperads. This leads us to the following result.

Theorem — There exists a model structure on the category of curved conilpotent coop-
erads whose cofibrations and weak equivalences are created by the cobar construction
functor Q.. Moreover, the adjunction Q,, 4 B, is a Quillen equivalence.

This theorem generalises results of Lefevre-Hasegawa about the homotopy the-
ory of nonunital associative algebras (Lefevre-Hasegawa 2003) and of Positselski
about the homotopy theory of unital associative algebras (Positselski 2011). The
proof relies on the same kind of method initiated by Hinich. New difficulties appear
with the combinatorics of trees and the consideration of actions of the symmetric
groups.

Why switching from dg operads to curved conilpotent cooperads? First, all the
objects of the model category of curved conilpotent cooperads are cofibrant. Then,
the sub-category of fibrant curved conilpotent cooperads is equivalent to a category
of homotopy operads and infinity-morphisms. These new structures can be built
on objects using obstruction methods. Finally, there exists a transfer theorem for
homotopy operads as follows.

Theorem — Let f : PP — @ be a morphism of dg-S-modules which is both a surjection
and a quasi-isomorphism. Suppose that P has a structure of homotopy operad. Then
there exists a structure of homotopy operad on @ and an extension of f into an oo-
morphism of homotopy operads.
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Introduction

One could think that dg operads are themselves algebras over a colored operad
and apply the results of the article Le Grignou 2019 to get the present theorems. Ac-
tually, the actions of the symmetric groups underlying curved conilpotent cooperads
seem to prevent them to be coalgebras over a colored cooperad.

Layout

The article is organized as follows. The first section recalls the notions of operads,
cooperads and the operadic bar-cobar adjunction. The second one recalls the Hinich
model structure on dg operads and describes their cofibrations and a simplicial
enrichment computing mapping spaces. The core of the article is the third part
which establishes the model structure on curved conilpotent cooperads. The fourth
section studies in details the fibrant objects of this model category which are a
notion of operads up to homotopy that we call homotopy operads. The fifth section
applies the formalism of homotopy operads to the study of algebras over an operad.
Specifically, one interprets infinity-morphisms of algebras in terms of morphisms
of homotopy operads.

Preliminaries

> We work over a field K of characteristic zero.

> The category of graded IK-modules is denoted gMod. The category of chain
complexes is denoted dgMod. These two categories are endowed with their
usual closed symmetric monoidal structure. The internal hom is denoted
by [, ]. The category of chain complexes is also endowed with its projective
model structure whose weak equivalences are quasi-isomorphisms and whose
fibrations are degreewise surjections. The degree of a homogeneous element x
of a graded K-module or a chain complex is denoted by |x|.

> For any integer n, let D" be the chain complex generated by one element
in degree n and its boundary in degree n— 1. Let S” be the chain complex
generated by a cycle in degree n.

> The following type of diagram
L
Cz=—=D
R
means that the functor R is right adjoint to L.

> Let (F,, X),en be a filtration on a chain complex or a graded K-module X. We
denote by G, X the quotient F, X/F, ;X and GX := EBn G, X.

The following theorem will be of major use.
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Theorem 1 (Maschke) — When the characteristic of the field K is zero, every module
over the ring K[S,,] is projective and injective.

1 Operads and cooperads

In this first section, we recall the notions of operad and cooperad. We refer to Loday
and Vallette 2012 for more details. We show that the category of dg operads and the
category of curved conilpotent cooperads are presentable and we recall the refined
bar-cobar adjunction introduced in Le Grignou 2019.

1.1 Symmetric modules, operads and cooperads

Definition 1 (Symmetric modules) — Let S be the groupoid whose objects are the
integers IN and whose morphisms are

homg(n,m) =@, if n=m,

homg(n,n) =S, otherwise.
A graded S-module (resp. dg S-module) is a contravariant functor from the category

S to the category gMod of graded KK-modules (resp. the category dgMod of chain
complexes).

The category of $-modules may be endowed with the Day monoidal product
veWw(n = ) V(p)@W(q)®s,s, Su
p+q=n

This gives us a symmetric monoidal structure whose unit is (K,0,0,...). We can
endow the category of $S-modules with the composition monoidal structure given
for any S-modules V and W by the formula

(VoW) = Pvin es, W

This means that
(VoW)(0):=V(0)8 P V(K @s, (W(0)@-@W(0)),
k>1

and for any integer n > 1,

[ B wme-ewm)

®Sn1 ><~~~><S”k Sn ] .



1. Operads and cooperads

The monoidal unit is the S-module Z which is K in arity 1 and {0} in other arities.

Notation1 - Let f : V > V', ¢: W — W and h: W — W’ be maps between -
modules. We denote by f o (g;h) the map from Vo W to V' oW’ defined as

folghi= ) fos (g*ehog).
i+j=n-1
In the case where g = Id, we use the following notation.
fo'h:=fo(ld;h).

Notation 2 — For any graded $-modules (resp. dg $-modules) V and W, we denote
by [V, W] the graded K-module (resp. chain complex):

VW)= |homugs, ) (VKN W(K)L) -

k>0
leN

Morphisms of chain complexes from X to [V, )] are in one-to-one correspondence
with morphisms of $-modules from X®V to W.

Definition 2 (Operads) — A graded operad (resp. dg operad) is a monoid P :=
(P,y,v) in the category of graded $-modules (resp. dg $-modules). We denote
by gOperad (resp. dg — Operad) the category of graded operads (resp. dg operads).

A degree k derivation d on a graded operad & = (P, y,v) consists of degree k
maps d : P(n) — P(n) which commute with the action of the group S$,, and such that

dy=y(dold+Ido d).

Definition 3 (Cooperads) — A graded cooperad (resp. dg cooperad) is a comonoid
€ :=(C, A €) in the category of graded $-modules (resp. dg S-modules). We denote
by C the kernel of the morphism € : C — Z. We denote by gCoop (resp. dgCoop)
the category of graded cooperads (resp. dg cooperads). A cooperad € is said to be
coaugmented if it is equipped with a morphism of cooperads Z — €. In this case,
we denote by 1 the image of the unit of K into C(1).

A degree k coderivation on a cooperad 6 = (C,A,¢€) is a degree k map d of
S-modules from C to C such that

Ad=(dold+Ido d)A.

If the cooperad is coaugmented, we also require that d(1) = 0.
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Notation 3 - Let (C,A, ¢, 1) be a coaugmented cooperad. Then we denote by A the
map from C to C o C defined by

A=A-lold-Idol.
Moreover, we denote by A, the map from C to C o C defined by
Ay:=Ido(eld)A.
Sometimes, A, will be extended to all C by

A2(1)=1®1

Definition 4 (Curved cooperads) — A curved cooperad is a coaugmented graded
cooperad € = (C, A, €,1) equipped with a degree —2 map 6 : C(1) —» K and a degree
—1 coderivation d such that

d>=(081d-1d20)A,,
0d=0.

Example 1 - Let V and W be two chain complexes (resp. graded IKK-modules). Let
End}fv be the following S-module

EndVW(n) =[VEW],
where the action of S, is given by permuting the inputs V®". We denote
Endy := Endg .

The composition of multi-linear maps of V induces a structure of operad on Endy,.
For any morphism of chain complexes f : VV — W, consider the following pullback
of $-modules

EndV XEnd}j\/ Endw _— El’ldv

| I

El’ldW T) El’ld‘ljv .

The operad structures on Endy, and on Endy, induce an operad structure on this
pullback.

1.2 The tree module

Definition 5 (Trees) — A tree is the data of a non empty finite poset called the poset
of edges (edges(T), <) so that
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1. Operads and cooperads

> every subset has a lower limit;
> for edge e, the sub-poset {x < e} is a linear poset;
and of a partition of the set of edges
edges(T) = vert(T) LIleaves(T)

where all elements of leaves(T) are maximal. Moreover, for any v € vert(T), the
inputs of v are the edges e > v so that there is no edge ¢’ so that e > ¢’ > v. The
number of inputs of a vertex v is denoted #v.We have in particular a smallest
element called the root. An isomorphism of trees is an isomorphism of posets that
preserves the partition leaves-vertices. This gives us the groupoid of trees Trees.

Definition 6 (Tree module) — Let ) be an $-module (graded or differential graded)
and let T be a tree with p vertices and g leaves. For any vertex v, let V(v) be the
right module over the automorphism group of inputs of v

V(v) = V(#v) ®s,, Bij(input(v), {1,---, #v}).

Then let (X) V be the following graded K-module (resp. chain complex)

where the sum is taken over the bijections from the set {1,---, p} to the set of vertices
of T. The formula ®T — defines a contravariant functor from trees to graded K-
module (resp. chain complexes). Let T(V) be the $S-module such that T(V)(k) =0
for g # k and

Aut(T)
T(V)(q)::f Bij({L,..., q), leaves(T))® (X) V',

T
where Bij stands fro bijections. Finally, let TV be the following $-module called the
tree module
™V :=PHTV),
(T]
where the sum is taken over the isomorphism classes of trees. The reduced tree
module is
™ := (1Y),
(T]=]

where the sum is taken over the isomorphism classes of non trivial trees.
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Notation 4 — An element of T(V)(q) may be represented by a a tensor product
ql) ® xl ® e xp

for ¢ a bijection from the leaves of T to {1,...,4}, and where x;,. .., Xp are elements
of V. We will usually omit ¢ in the formula, since it is unchanged through the
constructions performed.

Definition 7 (Induced filtration on trees) — Given a graded or dg $-module V
equipped with a filtration

FW—SFV—>FY<...—FV<w...

one can endow (X), V with a filtration for any tree T with g vertices
F(X)v) = Z (Fp, V(#01)) @+ ® (F,, V(#v,)) C V(#v1) @+ @ V(#v,).
T pi+-Hpy<n

One can define a filtration on the $S-modules T(V) and T(V)

Aut(T)
FATONG)= [ Bil(L....qhleaves(T) & F, (V).

T

F,(TV):= @FH(T(V)).

(T]
Notation 5 -
> For any $-module V, we denote by 71y, the canonical projection of TV onto V.

> We denote by T="V (resp. T"V) the sub-S-module of TV made up of trees
with 7 or less than n vertices (resp. with n vertices).

> We denote by T"<"V (resp. Than) the sub-S-module of TV (resp. TV) made
up of trees (resp. non trivial trees) of height equal or lower than n.

> Let T be a tree. We denote by {T = T; ... LI Ty} the partition of T by k subtrees.

> Let f : TV — W be a morphism of $-modules. We denote by f(T) the restric-
tion of f on T(V) C TV. If the tree T decomposes into a partition of subtrees
T =T, U---U Ty, then we denote by

f(M)@-&f(Ti)

the map from T(V) to T/Ty,..., Tx(WW) which consists in applying f(T;) on each
subtree T; of T.
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1. Operads and cooperads

The definition of the tree module from Loday and Vallette 2012 is different from
ours. Let us build the bridge that links the two definitions.

Let T be a non trivial tree, whose root vertex v has k > 0 inputs. We can
decompose T as (v; Ty,..., Ty) where Ty,..., Ty are trees whose root is an input of v
and which contain all the edges of T above this input. Let n be the number of leaves
of t and let n; be the number of leaves of T; for each 1 <i <k.

Lemma 1 - We have a canonical isomorphism of left (ﬂ 1 Aut(T;)) x SoX-modules in
sets:

Bij({1,...,n},leaves(T [I_[Blj i} leaves(T;)) | Xy, Sp

Proof. This isomorphism sends ((¢1,..., ¢x), o) to the bijection

{1,...,n} Z {1,...,n} = l_[{l,...,ni} Hl—d)% ]_[leaves(Ti) =leaves(T).
i

i

Lemma 2 - We have an isomorphism of S-modules:

©®:

Proof. One has

e

@1, Auy(ty) Bij({1,..., n}, leaves(T)) = Ty (V) @--- @ Ty (V).

@ Bij({1,...,n},leaves(T))

i=1 T, J[T;Aut(T)
k k

:[®®V ® (]_[Bij({l,.. n;},leaves(T; ))]Xl_[,
i=1 T, 1 Aut(T)\i=1
k

:®[®V®Aut(mBij({l,...,nl },leaves(T, ]@S
i=1 \ T, [1; Sy,
k

(@] ®s.
i=1 [1: S,

=Ti(V)®--&Tk(V). o

Suppose also that the trees T, ..., Ty are counted in a way that isomorphic trees
are gathered, in the sense that for any 1 <i < j <[ <k, if T; is isomorphic to T, then
it is also isomorphic to T;. In that context, we can reindex the trees Ty,..., Ty as

(Tll""Tk): (Tl,]l""Tl,kllTZ,l""’Tz,kzl"'lT Tp,kp),

plees
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so that two trees T; ; and T;; are isomorphic while two trees T; ; and T;/, are not
isomorphic when i #i’.

Lemma 3 — We have a canonical isomorphism of S-modules:

T(V) =V(k)®s, (@ Toriy(V)®---® Tal(k)(V)],

where the coproduct is taken over the (ky,...,k,)-shuffle permutations.

Proof. We have

k
X)VeBij((1,..., n}, leaves(T)) = [V(k) 2 (X)(X)V
T i=1 T;

Besides, Aut(T) is a semi-direct product of []; Aut(T;) with ]_[;7:1 Sk].. To quotient the
above object by Aut(T), one can first quotient by the normal subgroup [[; Aut(T;)

®Bij({1,...,n},leaves(T))

RV en, aum Bij({L..., 1), leaves(T)) = V(K) & (T, (V) @ ® Te(V))
T

Finally,
TV =viey s (V)@ eTV)
~V(k) ®s, Sk ®l‘l§7:1 Sy, (TI(V)®---® Ti(V))

2V(k)®5k @ Tg—l(l)(V)®"'®To—l(k)(V) .
GELLI(kl,m,kp)
where the symbol W(ky, -+, k,) denotes the set of (ki,---,k,)-shuffle permutations.0

Lemma 4 — For any natural integer n, one has

Th§n+1v “Vo ,]thnv'
Proof. For a non trivial tree T with height equal or lower than n+ 1 and whose
root has k inputs, let (Ty,..., Ty) be the subtrees above the root where isomorphic
subtrees are gathered together. The coproduct @U To-10)(V) @ @ Ti-1(y (V) taken
over the (ky,..., kp)-shuffle permutations does not depend on the choice of ordering
(provided isomorphic subtrees are gathered). We have

BP - mVeeTkyv) = P TiMe o T(M)
T (o
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1. Operads and cooperads

where the coproduct on the left is taken over all the non trivial trees with height
equal or lower than #n + 1 and whose root vertex has k-inputs and over the set of
shuffle permutations, and where the coproduct on the right is taken over all trees
with height equal or lower than n.

One then has

Ty — (o PPk ®Sk(@T1 @---@Tgl<k>(V)]

k>0 T

V)P vik)es, @@T G1)(V) @@ Tyo1 (V)
k>0
V)P vik)es, @ Tl(V)®~~®Tk(V)]
k>0 Ti,...,
- Pk ss, (T'=v)*
Vv
=VoThs"y, O

The result of Lemma 4 was used in the book Loday and Vallette 2012 as a
definition of a tree module.

Proposition 1 - (Loday and Vallette 2012, §5.5) For any S-module V, the tree module
TV has the structure of an operad given by the grafting of trees. Moreover, the functor T
from the category of S-modules to the category of operads is left adjoint to the forgetful
functor.

This structure of an operad may be defined by induction with Lemma 4.

There is a one-to-one correspondence between the degree k derivations on the
graded free operad TV and the degree k maps from V to TV. Indeed, from such a
map u one can produce the derivation D,, such that

Du(p1 ®®pn) = Z(_l)k(|p1|+'“+|pi71|)p1 ®®u(pl)®®pn .

Definition 8 (Alternate tree module) — Let V and W be two $-modules and let T
be a tree. The alternate tree module T (), W) is the sub $-module of T(V @& W) made
up of labellings of the tree T such that, if a vertex is labelled by an element of
V (resp. W), then its neighbours are labelled by W (resp. V). The alternate tree
module T(V, W) is the sum over the isomorphism classes of trees T of T(V,W).

Proposition 2— Let f : V — V' and g: W — W’ be two quasi-isomorphisms of dg-
S-modules and let T be a tree. The map T(f): T(V) — T(V’) and the map T(f,g) :
TV, W) — T(V',W’) are quasi-isomorphisms.

Proof. This follows from the definition of the tree module and the Kunneth for-
mula. O
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1.3 Conilpotent cooperads

Proposition 3 - (Loday and Vallette 2012, §5.8) For any S-modules V in graded vector
space (resp. chain complexes) the tree module T(V) has the structure of a coaugmented
cooperad given by degrafting trees. The map V — T(V) defines a functor T€ from
S-modules to coaugmented cooperads.

Definition 9 — A conilpotent cooperad (in chain complexes or graded K-modules)
is a coaugmented cooperad € so that there exists a morphism of coaugmented
cooperads € — TV that is a degreewise monomorphism.

Proposition 4 — (Loday and Vallette 2012, §5.8) The functor T* from the category of
S-modules to the category of conilpotent cooperads is right adjoint to the functor € + C.

Notation 6 — For any conilpotent cooperad 4, we denote d¢ the canonical mor-
phism of conilpotent cooperads

& — T°C,
induced by the adjunction between T° and the forgetful functor.

Remark 1 - Actually, the reduced tree module T is a comonad on the category of
S-modules and the mapping

€ ->€adK
induces an equivalence of categories from T-coalgebras to conilpotent cooperads.

Definition 10 — The category of curved conilpotent cooperads is denoted cCoop.

Definition 11 (Coradical filtration) — Let 6 = (C,A,¢,1) be a conilpotent coop-
erad. The coradical filtration (F,€);, of € is defined as follows
F,€ (k) := {x € C(k)|6¢ (x) € T<"C} .
It has the following property (see Le Grignou 2019)
AFME)C ) (g es, (Fl'e @0 ).
ke

po+tpE<n

There is a one-to-one correspondence between degree k coderivations on T¢(V)
and degree k maps from T(V) to V. Indeed, from such a map u one can produce the
coderivation D, such that

D,(T):= ZId@---@u(T’)@---@Id.
T'cT

Note that the same statement holds for the sub-cooperads of TV of the form T="V
for any integer n.
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1. Operads and cooperads

1.4 Presentability

In this section, we prove that both the category of differential graded operads and
the category of curved conilpotent cooperads are presentable.

Proposition 5 — The category dg — Operad of differential graded operads is presentable.

Proof. The tree module endofunctor T of the category of $-modules is a monad
and the category of operads is monadic over this monad. Moreover, the functor
T preserves filtered colimits and so is accessible. We conclude by Adamek and
Rosicky 1994, Theorem 2.78. O

We will now prove that the category of curved conilpotent cooperads is pre-
sentable. The essence of this result is that any cooperad is the colimit of the filtered
diagram of its finite dimensional sub-cooperads.

Proposition 6 — The category cCoop of curved conilpotent cooperads is presentable.

Lemma 5 — The category of curved conilpotent cooperads is cocomplete. The forgetful
functor from the category of curved conilpotent cooperads to the category of graded
conilpotent cooperads creates colimits.

Proof. Straightforward. O

Definition 12 — We say that a graded $-module V is finite dimensional if the K-
module @n men V(M) 1s finite dimensional. We say that V' is aritywise finite

dimensional if @meNV(n)m is of finite dimension for each integer n € IN.

Proposition 7 — For any graded conilpotent cooperad € = (C,A, €) and any element
x € C(k), there exists a finite dimensional sub-cooperad of ‘€ which contains x.

Proof. Let us prove the proposition by induction on the coradical filtration. If x €
F}*<%, then x belongs to a finite dimensional sub-cooperad which is just F{*/% = T.
Suppose that any x” € F/**% is contained in a finite dimensional sub-cooperad and

let x € F;ﬁdl%. The decomposition A(x) is generated by elements of the form

A)=x@1+10x+) ) 308 (1) ® Y ®0)
n

where the elements y(;) are in finite number and all belong to Frdg. Let Z be a
finite dimensional sub-cooperad that contains all the elements y;;). The smallest sub
S-module of € that contains & and x is finite dimensional and is a sub-cooperad.o

Remark 2 — Aubry and Chataur (Aubry and Chataur 2003) prove a similar result
in the case of nonnegatively graded IK-modules (actually for nonnegatively graded
chain complexes) and general cooperads.
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Corollary 1 — For any curved conilpotent cooperad € = (C, A, €,0) and any element
x € C(k), there exists a finite dimensional sub-cooperad of ‘6 which contains x.

Proof. Let & = (D, Ag, €) be a finite dimensional sub-graded cooperad of € which
contains x. Then D + dD is a finite dimensional sub-curved cooperad of 6 which
contains x. O

Lemma 6 — Any finite dimensional curved conilpotent cooperad is a compact object in
the category cCoop.

Proof. The arguments of Le Grignou 2019, Lemma 6 apply mutatis mutandis. O

Proof (Proof of Proposition 6). By Corollary 1 and Lemma 5, any curved conilpotent
cooperad is the colimit of the filtered diagram of its finite dimensional sub-curved
conilpotent cooperads which are compact objects by Lemma 6. Moreover, the
subcategory of cCoop of finite dimensional objects is equivalent to a small category.o

1.5 Product of two coaugmented cooperads

Our goal in this section is to describe the product of two conilpotent cooperads
(graded or dg).

Theorem 2 — Let 6 = (C,A,¢,1) and & = (D,A’,€’,1’) be two conilpotent cooperads
(graded or differential graded). The alternate tree module T(C, D) has the structure of a
conilpotent cooperad that represents the product 6 x Z in the category of conilpotent
cooperads.

Let us introduce some notations

> T(C, D) called the reduced alternate tree module will denote the sub-$-module
of T(C, D) made up of non trivial labelled trees;

> T(C,D)p will denote the sub-$-module of T(C, D) made up of non trivial
labelled trees whose root vertex is labelled by D;

> T(C,D)c will denote the sub-S-module of T(C,D) made up of non trivial
labelled trees whose root vertex is labelled by C;

> finally, let T(C,D)p = T(C,D)p &7 and let T(C,D); = T(C,D)c ® L.

Let us describe the expected structure of a conilpotent cooperad (A4, €414 1 a1¢)
on T(C,D). We describe the map A,j; by induction on the height of the trees.

> First, on C, the map A, is just given by Ay and on D, this is just Ap. We can
notice that the two maps agree on their intersection 7.
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1. Operads and cooperads

> Let us suppose that A, has been defined on T"<*(C, D) for some n € N. We

have T (C,D)p = Do T"="(C,D).. Then we define A, on T (C,D)p

as
Do T="(C, D).

leAalt
DoDoT(C,D)s" o T(C,D)"="
l]doEond
Do T(C,D)'=<" o Do T(C,D)"="
lCompoComp
T(arl_))hSnH o']I‘((_f,ﬁ)hS”H
where the exchange map Ex: Do T(C,D)"<" — T(C,D)"<" o D is defined as
— the canonical isomorphism Z o T(C, D)"<" = T(C, D)"s" = T(C,D)"<" o T
on the subobject Z o T(C, D)"<" c D o T(C, D)"<";
~ the canonical isomorphism DoZ =D =7 oD on the subobject Z oD C
DoT(C, D)hﬁn;
- the zero map on the other summands;
and where the composition map Comp : Do T(C,D)'<" — T(C,D)'="*! is
defined as the usual operadic composition on Do T(C,ﬁ)gsn but it is the zero
map on the other summands of Do T(E,Z_))hﬁn.

We define A, on T (C,D)c in a similar way.

The map €,; is given by the projection on the trivial tree, while 1,; is given by the
inclusion of this trivial tree among all trees.

Lemma 7 - Suppose that ¢ =TV and D = TW. We have a canonical isomorphism
of S-modules

T(C,D)~T(VeW).

Moreover, this isomorphism commutes with the decomposition structure in the sense that
the following diagram commutes

Agi lATIC(Ve;’D)

T(C,D)oT(C,D) — T(VeW)oT(VaW)
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It also commutes with the counit and the coaugmentation. Subsequently, the maps
(At €a1tr 141¢) define the structure of a conilpotent cooperad on T(C, D) and we have an
isomorphism of conilpotent cooperads

(T(C,D),Ay;) =T(VOW) =€ xD.

Proof. Any tree labelled by V and W has a canonical partition which consists in
maximal subtrees that are only labelled by V or that are only labelled by WW. The
subtrees of this partition are then elements of C or elements of D. Moreover, since
we have only taken maximal subtrees, the neighbour of an element of C (resp. D) is
necessarily an element of D (resp. C). Thus, such a tree labelled by V and WV may
be considered as an element of T(C, D). This gives us the isomorphism relating the
$-module T(C, D) to the $-module T(V & W). The fact that it commutes with the
cooperad structure maps follows from an induction on the height of trees. O

Proof (Proof of Theorem 2). The morphism of $-modules T(C, D) — T(TC, TD) com-
mutes with the maps (Auyy, €414, 1a1¢). Thus, (T(C, D, Aais, €411, 1a1¢) is a sub-conilpotent
cooperad of

(T(T@,Tﬁ), Agit €arts Lart) = TC(EGBZ_))

Let & be a conilpotent cooperad. Let us consider two morphisms f : & — % and
¢:& — . We can build a morphism of $-modules denoted (f, g) as follows

5 _ — o —
£, 1€ - IeT(C, D) ®T(C,D)p = T(C,D)
where the last map consists in

> sending the trivial tree to the trivial tree;

> sending a nontrivial tree labelled by £ to the same tree labelled whose root
vertex is labelled by C (using f), the vertices just above are labelled by D
(using g), ...

> sending a nontrivial tree labelled by € to the same tree labelled whose root
vertex is labelled by D (using g), the vertices just above are labelled by C
(using f), ...

One can check that the composite map
& > T(C,D) » T(TC,TD) = T(C® D)

is equal to the map of cooperads adjoint to the morphism of $-modules f +g: € —
C®D. Since the map T(C,D) — T(TC,TD) has a left inverse in the category of
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$-modules and is a morphism of cooperads, the first map (f,g) : € — T(C, D) is also
a morphism of cooperads. Moreover, we can recover f and g as the composite maps

& =5T(CD) -

Suppose that there we have morphism of cooperads  : £ — T(C, D) that factorises f
and g as just above. Then the two composite maps

£ Y2, 1, D) - T Co D);

¢ 1@, D) > T (CaD);

are the same. Since the map T(C, D) — T¢(Ca®D) is injective, we have h = (f,g). This
shows that (T(C,D), Ay, €1t 1 a11) =€ X . o

1.6 Bar-cobar adjunction

In this section, we recall the bar-cobar adjunction introduced in Le Grignou 2019
and which relates operads with curved conilpotent cooperads. Let 2 := (P, y,1)
be an operad. Its bar construction is the curved conilpotent cooperad B, & :=
T(sP®K-v), where v is a degree 2 element. It is equipped with the coderivation
which extends the following map

T(POK-v) > T (sPOK-v) — sP

SXQSY > (—l)lxlsyga(x@)y)
sx@vi>0
v slg

sx > —sdx .
Its curvature is the degree —2 map.

T(sPoK-v) »K-v > K

v 1.

Let 6 :=(C,A,€,1,0) be a curved conilpotent cooperad. Its cobar construction is
the operad B
Q,% =T(s"'C).

It is equipped with the following derivation,

slx > 0(x)1 —stdx - Z(—l)lxlls_lxl ®sx,,
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where ) x; ®x; = Apx.

A twisting morphism is a degree —1 map «a from a curved conilpotent cooperad
@ to an operad 9 satisfying a(1) = 0 and such that

da)+ypla®a)Ay =0z (-)1gp .
We denote by Tw(6, P) the set of twisting morphisms from € to P.

Proposition 8 — (Le Grignou 2019) The bar construction and the cobar construction
are both functorial. Moreover, there exists functorial isomorphisms:

homdg—Operad(Qu%l P)~Tw(C,P)~ homcCoop(%ch@) .

Therefore the functor Q) is left adjoint to the functor B.

1.7 Truncated bar construction

In this section, we recall the operadic bar construction of Hirsh-Millés which we
call the truncated bar construction; see Hirsh and Millés 2012 for the original
reference. Let 2 := (P, y,1) be a dg-operad. Suppose that P is equipped with a
semi-augmentation, that is, a morphism of graded S-modules € : P — T such that
€(1) = Id. We denote by P the kernel of € and we denote by i the projection of
P onto P along the unit 1. The truncated bar construction of & relative to the
semi-augmentation e is the cofree conilpotent cooperad B, 2 := T¢sP. It is equipped
with the coderivation which extends the map

T(sP) < T (sP) — sP
sx®sy - (-1)¥smy(x @)

SX > —sTdx .

The curvature 60 is the following map:

T(sP) — Tsz(sﬁ) - K

sx®@sy - (1) ey (x @)

sx > e(dx) .

A truncated twisting morphism from a curved conilpotent cooperad € to a semi-
augmented operad P is a twisting morphism a : C — P such that ea = 0. We denote
by trTw(€,PP) the set of twisting morphisms from a curved conilpotent cooperad
€ to a semi-augmented dg-operad 2.
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Proposition 9 — (Hirsh and Milles 2012) For any semi-augmented operad P and any
curved conilpotent cooperad ‘€, we have functorial isomorphisms:

homsa—dgfoperad(Qu%r\@) = trTw(%r\@) = homcCoop(%rBr@) ’
where sa — dg — Operad is the category of semi-augmented dg operads.

For any semi-augmented dg-operad, the universal truncated twisting morphism

— — ¢l
B,P =TsP »sP->P<P

is in particular a twisting morphism. So it induces a morphism of curved conilpotent
cooperad from B, to B, .

2 Model structure on operads

This section deals with the homotopy theory of dg operads. We recall the result
proved by Hinich in Hinich 1997 that there exists a model structure on the category
of dg operads whose weak equivalences are quasi-isomorphisms and whose fibra-
tions are surjections. Then, we describe the cofibrations in a convenient way to be
able to use it in the sequel.

Notation 7 - We denote by S¥ (resp. D¥) the dg-S-module such that
> in arity n, SX(n) = Sk @ K[S, ] and D¥(n) = D@ K[S,,],

> if m = n, then SK(m) = DX(m) = 0.

2.1 Model structure on $-modules

Theorem 3 — (Hovey 1999, §2.3) For any integer n € IN, there exists a cofibrantly
generated model structure on the category of chain complexes of K[S,,]-modules whose
fibrations (resp. weak equivalences) are epimorphisms (resp. quasi-isomorphisms). The
cofibrations are the morphisms whose cokernel is cofibrant and which are degreewise split
monomorphisms.

Proposition 10 — Since the characteristic of K is zero, every degreewise monomorphism

of chain complexes of K[S,,]-modules is a cofibration.

Proof. By Maschke’s Theorem, every monomorphism of $,-modules is split. So we
just have to show that every chain complex is cofibrant. It suffices to show that
every acyclic fibration splits. O
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Since the category of dg $-modules is the product of the categories of K[S, |-
modules for n € IN, there exists a cofibrantly generated model structure on the
category of dg $-modules whose cofibrations (resp. fibrations, resp. weak equiva-
lences) are exactly monomorphims (resp. epimorphisms, resp. quasi-isomorphisms).
A set of generating cofibrations is made up of the maps 0 — S? and Sk — Df*1; a
set of generating acyclic cofibrations is made up of the maps 0 — DX,

2.2 Model structure on operads

Consider the adjunction
T
dg S —mod _“U dg — Operad,
where U is the forgetful functor. Transferring this model structure along this

adjunction gives the following Theorem.

Theorem 4 — (Hinich 1997) The category of dg operads admits a cofibrantly generated
model structure where the weak equivalences (resp. fibrations) are the componentwise
quasi-isomorphisms (resp. epimorphisms). The generating cofibrations are the maps
T — T(SY) and the maps T(SK) — T(DX*1). The generating acyclic cofibrations are the
maps T — T(DK).

2.3 Cofibrations of operads

We prove the following proposition in the vein of Merkulov and Vallette 2009,
Appendix 1.

Proposition 11 — Cofibrations of operads are exactly retracts of morphisms P — PV
TS where S is an S-module endowed with an exhaustive filtration

{0}=SycS;c..cS§, =colim,.,S, ,
indexed by the ordinal w (the first infinite ordinal) and such that
d(5i+1) CSivt ®PV T(Si) :

Proof. Given the generating cofibrations of the category of operads given in Theorem
4 and by Hovey 1999, and since the sources of these generating cofibrations are w-
small objects, any cofibration of operads is a retract of a morphism 9 — P VTS as
in Proposition 11 with the additional conditions that the cokernel of the inclusions
S; — S;;1 are free $-modules and that

d(Siy1) C P VI(S;).
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Conversely, consider a morphism of operads f : P — VTS such that d(S) C S® .
It fills the following pushout diagram

T(s7!S) —— P

| |

T(S®s'S) — PVTS

where S@s~!S is endowed with the differential x+s~'y > dx+s1x—s71dy. Since the

map s~!S — S@s7!S is a cofibration of dg $-modules (since it is a monomorphism),
T(s7'S) —» T(S@s7!S) is a cofibration of operads and so f is a cofibration. Any
morphism P — P VTS as in Proposition 11 is a countable composite of morphisms
as f and so is a cofibration. O

2.4 Enrichment in simplicial sets

Let 22 = (P, v, 1) be an operad and let & := (A, vy, 1) be a unital commutative
algebra. Let P ® A be the $S-module defined by

(P®A)(m):=P(m)A.
It has an obvious structure of operad. This construction is functorial.
For any integer n € IN, let (3, be the unital commutative algebra
Q,, :=Kltg,..., t,,dtg,...,dt,)/(Zt; = 1;2dt; = 0) .
The construction n +— (2, defines a simplicial unital commutative algebra which
is a Reedy fibrant replacement of the unit in the sense that the maps K — Q,, are

quasi-isomorphisms and, for every n > 1, the map

Q, - Q9A,) = lim Qp=Q,/(ty-+-t, = 0)
kBn,
k<n

is surjective. Moreover, this construction provides an enrichment of the category of
dg operads over simplicial sets as follows:

HOM(P,@), := hon‘ldgfoperad(\g)r@j ®Q,) = homdgfoperadgn (P®Q,,0Q,).

Proposition 12 — For any dg operads P and @ with P cofibrant, the simplicial set
HOM(P,@) is a model for the mapping space Map(P,@).
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Proof. It suffices to notice that the simplicial operad (€ ® Q,,),,en is a Reedy fibrant
replacement of the constant simplicial operad @. Indeed, as the tensor product of
chain complexes (over a field) commutes with finite limits on each side, the map

€80, lim @80 =@eQdAn)
k—An
k<n

is surjective for every n > 1. |

3 Model structure on curved conilpotent cooperads

In this section, we show that the model structure on the category of dg operads
can be transferred through the cobar construction functor to the category of curved
conilpotent cooperads. This result is in the vein of earlier results in Hinich 2001,
Lefevre-Hasegawa 2003, Vallette 2020 and Positselski 2011. Our proof relies on the
same kind of method; however new difficulties appear with the combinatorics of
trees and actions of symmetric groups.

3.1 Statement of the result

Here is the main result of this paper. The remaining of this section will be its proof.

Theorem 5 — There exists a model structure on the category of curved conilpotent coop-
erads whose cofibrations (resp. weak equivalences) are the morphisms whose image under
the cobar construction functor Q3,, is a cofibration (resp. a weak equivalence). Moreover,
the adjunction 3, 4 B, is a Quillen equivalence.

From now on, we call cofibrations (resp. weak equivalences) of curved conilpotent
cooperads the morphisms whose image under the cobar functor Q,, is a cofibration
(resp. weak equivalence). Moreover, we call acyclic cofibrations the morphisms
which are both cofibrations and weak equivalences and we call fibrations the mor-
phisms which have the right lifting property with respect to acyclic cofibrations.
Finally, we call acyclic fibrations the morphisms which are both fibrations and weak
equivalences.

3.2 Cofibrations

We describe the cofibrations of curved conilpotent cooperads.

Proposition 13 — The cofibrations of curved conilpotent cooperads are the degreewise
injections.
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Proof. Let f : 6 — & be a morphism of curved conilpotent cooperads which is
degreewise injective. It is the countable composite of the morphisms

fn :9[11] - 9[n+1] ’

where &, = € + FI*9 c . Let us decompose the underlying graded $-module
of D[n+1] as
D[nJrl] = D[n] ®EF

At the level of graded operads, the morphism Q,,(f,) is just
T(S_lﬁ[”]) - 1['(5_15[”] GBS_IE).

Moreover, as a consequence of the property of coradical filtrations recalled in

A — —
Definition 11, the morphism E < D, 1) = ’lsz[n+1] has its image lying in TZD[H].
Hence the restriction of the derivation of Q, (2, 1) to s~1E may be decomposed as
follows

> the curvature part, which targets K € Q,(Z,)) C Q,(Z]+1)); let us denote it

Aeyrvs

> the part coming from the decomposition A,, which targets the subobject
Qu (D)) € Qu(Z)ys1)); let us denote it dy,,;

> the part coming from the coderivation of &, which targets s’lﬁ[,ﬁl] =
s‘lﬁ[n] ®s ' E; let us denote it dy; the part that targets s‘lﬁ[n] and dg
the part that targets s~ E.

One can show that di = 0 and makes s~ E a dg operad. Then, the following diagram
of dg operads is a pushout

TS '®s'E) —— Qu(g[n])

| |

T(D°®s™E) —— Qu(Zjns1)

where the top horizontal map is the composition of graded maps

1] Aeurvtddectdrwist

$1®s'E— s E 1 Q4 (D)

The map Q,(f,) is a morphism of operads of the form 2 — 9 v T(S) as in Proposi-

tion 11. So, Q,(f,) is a cofibration. Since cofibrations of operads are stable under
countable composition, Q,(f) is a cofibration. So f is a cofibration.
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Conversely, if f : € — I is a cofibration, then Q,(f) is a cofibration and in
particular it is injective. Indeed, generating cofibrations and their coproducts are
degreewise injective and degreewise injections are stable under countable compo-
sition and retract. So the composite map s™'C < Q, € — Q, 9 is injective. Since
it factorises through the map s~'C — s1D, the latter is also degreewise injective.
Hence, the map C — D is injective and so f is injective. O

3.3 Weak equivalences and filtered quasi-isomorphisms

Weak equivalences of curved conilpotent cooperads are morphisms whose image
under the functor cobar (), is a quasi-isomorphism. Giving their explicit description
is not an easy task. A sufficient condition for a morphism to be a weak equivalence
is to be a filtered quasi-isomorphism.

Definition 13 (Admissible filtrations, filtered quasi-isomorphisms) -

Let ¢ := (C,A,€,1,0) be a a curved conilpotent cooperad. An admissible filtration
(F,,C) e of € is an exhaustive filtration of the $-module C satisfying the following
conditions.

d(F,C)cF,C,

A(F,C)(m) C pr;gﬁks" (Fp,C)(k)®s, (Fp,C®---®F),C),

F()C =7.
Let € and & be two curved conilpotent cooperads both equipped with an admis-
sible filtration. A filtered quasi-isomorphism from % to & relative to these two

filtrations is a morphism f : 6 — & which preserves these filtrations and such that
the induced morphism

Gf:G¢ - GY

is a quasi-isomorphism.

Example 2 - We know from Le Grignou 2019, Lemma 1 that the coradical filtration
of a curved conilpotent cooperad is admissible.

Proposition 14 — A filtered quasi-isomorphism is a weak equivalence.

We will use the following Theorem to prove this proposition.

Theorem 6 — (Mac Lane 1995, p. X1.3.4) Let f : V — W be a map of filtered chain
complexes. Suppose that the filtrations are bounded below and exhaustive. If for any
integer n, the map G,V — G, W is a quasi-isomorphism, then f is a quasi-isomorphism.

42



3. Model structure on curved conilpotent cooperads

Proof (Proof of Proposition 14). Let f : € — < be a filtered quasi-isomorphism.
Consider the filtration on QQ,,% induced by the coradical filtration of C (Definition
7):

FnQu%("I) - @ Z S—lpzrlada®...®s—lpzrkada
T iy++ig=n
where k is the number of vertices of the tree T, for n varying from 0 to co. Then,

G(Q,%) = TG(C). Let us endow Q,Z with a filtration built in the same fashion.
For any integer n, let us endow G, Q2,4 with the following filtration

P,QG,,QL,%::EB Z 571G, Co-®s7'G; C
p=—k ijttip=n

for k varying from —n to 0. In other words, F;G,Q,, € is made up of trees with —k or
more vertices. Again, we endow G,Q, < with a filtration built in the same fashion.
Then, the map

G'G,f:GG,Q,9 - GG,Q,¢

is a quasi-isomorphism. We conclude using Theorem 6. O

Proposition 15 - Let PP be an operad together with a semi-augmentation € : P — T.
Then the canonical morphism B,9P — B P is a filtered quasi-isomorphism with respect
to the coradical filtrations. Hence, it is a weak equivalence.

Proof. It suffices to notice that the morphism of chain complexes

sP—sPOK-v
SX > sx + O(sx)v

is a quasi-isomorphism. O

3.4 Bar-cobar and cobar-bar resolutions

Let V be a dg $-module. The tree module T(s™'TV) has both a structure of operad
and cooperad. Let D be the derivation which makes T(s~' TV) the cobar construction
of the dg conilpotent cooperad TV, that is:

sTTA - —s71dA - Z’(—l)lAlls*lAl ®s1A,

for any A € TV,_where AA =) A ®A,. Let h be the degree 1 coderivation of the
cooperad T(s~!TV) which extends the following map

T(s'TV) » T*(s ' TV) > TV
sTTA @57 A, S*I(Al ®Aj)
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Lemma 8 — Let T be a tree with k vertices orderedirom 1tokandlet Ty, ..., Ty be non
trivial trees. Consider the sub S-module of T(s™'TV) made up of the tree T whose i'"
vertex is labelled by T;(V). On this submodule, we have:

Dh+hD =qld,
where q is the sum of the numbers of inner edges of T and of the trees T;.

Proof. Let a be an inner edge of the tree T. It links two vertices which are labelled
respectively by the tree module s™' T;(V) and the tree module s T;(V). The deriva-
tion h consists in grafting the tree T; with the tree T; for each inner edge a. We can
write:
W(T):= Z graft(a),
(T)

acinner

where inner(T) is the set of inner edges of T. Moreover, let x be a vertex of the tree
T. Tt is labelled by the tree module s™! T;(V). The derivation D consists in cutting
the tree module s™! T;(V) into two trees s~ T; ; (V) ®s! T; (V) along each inner edge
of T;, and then applying the differential d of V; and this is done for every vertex x of
the tree T. So, we can write

D(T) = Z cut(a) + Z diff(x) ,

acinner(Ty,..., Ty) xevert(Ty,..., Ty)

where inner(Ty,..., Ty) is the set of inner edges of the trees T, ..., Ty and where
vert(Ty,..., Ty) is the set of vertices of the trees Ty, ..., Ti. So, we have:

hD = Z graft(b)cut(a)

acinner(Ty,..., Ty)
beinner(T)

+ Z graft(a)cut(a) + Z graft(a)diff(x) .

acinner(Ty,..., Ty) xevm"t(Tl (T)Tk)
aginner

On the other hand,

Dh = Z cut(a)graft(a) + Z cut(a)graft(b) + Z diff(x)graft(a) .

aeinner(T} acinner(Ty,..., Ty) xevert(Ty ..., Ty)
beinner(T) acinner(T)

For any inner edge a of the trees Ty, ..., Ty and for any inner edge b of the tree T,
cut(a)graft(b) + graft(b)cut(a) = 0. Moreover, for any inner edge a of the tree T and
for any vertex x of the trees Ty, ..., Ty, diff(x)graft(a)+ diff(x)graft(a) = 0. Finally, for
any inner edge a of the trees Ty, ..., Ty and T, cut(a)graft(a) + graft(a)cut(a) = Id. O
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Similarly, the $-module T(sTV) has a structure of operad and a structure of
cooperad. Let D be the coderivation which makes of T(s(TV)) the truncated bar
construction of the dg operad TV that is, the projection of D on the cogenerators is
defined as follows

sA; ®sA, — (-1)ls4, @ 4,)
SA > —sdA

for any A € TV. Moreover, let h be the degree 1 derivation which extends the
following map.

STV — T(sTV)
SA Z(—l)lAllsAl ®5A,

where AyA=Y A ®A, for any A € TV.

Lemma 9 — Let T be a tree with k vertices ordereifrom 1tokandlet T, ..., Ty be
non trivial trees. Consider the sub S-module of T(sTV) made up of the tree T whose i'"
vertex is labelled by T;(V). On this submodule, we have:

Dh+hD =qld,
where q is the sum of the numbers of inner edges of T and of all the trees T;.
Proof. The proof relies on the same techniques as Lemma 8. O

Proposition 16 — Let 9P be a dg operad. Then the canonical morphism p : (), B.P —
P is a weak equivalence.

Proof. Consider the filtration on QQ,, B, induced by the coradical filtration on B.Z%:

F,Q,B.P ::z@@ Z sTHYB. P @5 F"B. P, n>1.

k>1 ij+-+ig=n

Consider also the constant filtration (F,9),>; on 2. We show that the morphisms
Gup: G,Q,B.P — G, P are quasi-isomorphisms. On the one hand, G;p: K -1&
K-slves'lsP - Pisa quasi-isomorphism. On the other hand, for any n > 1,
G, =0 and G,Q,B.Z is contractible by Lemma 8. We conclude by Theorem 6.0

A straightforward consequence of the above Proposition 16 is that for any curved
conilpotent cooperad 6, the map € — B.(Q,6 is a weak equivalence. Indeed, since
the morphism Q,B.Q,, 6 — Q,% is a quasi-isomorphism, its right inverse Q0,4 —
Q,B.Q,% is also a quasi-isomorphism. Moreover, since B,Q0,,4 — B.Q,% is a
weak equivalence by Proposition 15, the morphism € — B,(), ¢ is also a weak
equivalence. The following proposition is a more precise statement.
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Proposition 17 — Let € be a curved conilpotent cooperad. Let us endow € with its
coradical filtration and let us endow B,Q,,'€ with the following filtration:

F,B,Q, € =TI Z sF; 0, € ®--®sF,Q,€, n>0,
i ++ig=n

k>1

where the (F;Q),,6); is the filtration on Q6 induced by the coradical filtration on €

0O &z ._ “lpradp o . o —lpradp
F,Q,€ = E s F]-1 C®--®s F]k C,i>1.
J'1+k‘+]'k:i
>1

These two filtrations are admissible and the canonical morphism ¢ — B,Q,6 is a
filtered quasi-isomorphism with respect to these filtrations.

Remark 3 — Beware! We use here the truncated bar construction. The only reason
is that (3,,¢ has a canonical semi-augmentation and that computations are easier
with the truncated bar construction since it is smalller.

Proof. Let n > 1. Let us show that the morphism G,¢ — G,B,Q),6 is a quasi-
isomorphism. Consider the filtration (F;GnB,Qu%);i_n on G,B.Q,% where
F.G,B.Q,€ is made up of the trees whose vertices are labeled by trees whose
total number of vertices is at least —k. Consider also the filtration (F]:G,’fd%');i_n
of GI“% such that F,’(G,’ﬁd% =0 for k < -1 and F',G/"% = G!"%. The map
G',Gr% — G’ |G,B,Q,€ is a quasi-isomorphism; that is the identity of G}*% .
Moreover, G, G, B,Q,€ for k # -1 is contractible by Lemma 9. |

3.5 Keylemma

Lemma 10 (Key Lemma) — Let € be a curved conilpotent cooperad and let p : PP —
QG be a fibration of operads (that is, a surjection). Consider the following square:

B, ,
B.P —L5 B.Q,%

I |

Y — €
where ' is the pullback B.Pxp oy, &€ . The morphism & — B, P is a weak equivalence.

The next lemma shows that we can actually use the truncated bar construction
in the lemma above.
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Lemma 11 — The square of Lemma 10 factorises into two pullback squares

B,
B.® —%4 B.Q,%

I I

B,
B,% —*5 B,Q,€

I I

Y — €
Moreover, their image in the category of graded conilpotent cooperad are also pullbacks.

Proof. A morphism of curved conilpotent cooperads from & to B.P xp o ¢ B,Q, €
is equivalent to the data of a twisting morphism from & to & so that the composite
twisting morphism & — P — ), € is truncated. The latter is truncated if and only
if the former is truncated. Thus, such a morphism from & to B.% xp o & B,Q,€
is equivalent to the data of a truncated twisting morphism from & to Z. In other
words, the square

B,
B.® —5 B.Q,€

I |

B,
B,? % B,Q, %
is a pullback. Moreover, the morphism ¢ — B.(2,6 factorises as
¢ — B,Q,¢ — B.Q,€.

since the twisting morphism 6" — Q1,6 is truncated. Thus, the square of Lemma
10 factorises into two squares. Since the big square is a pullback and since the upper
small square is a pullback, the lower small square is a pullback.

Let us show that the lower square is a pullback in the category of graded conilpo-
tent cooperads. Such a pullback is the biggest sub-graded-cooperad & of B,
whose image under B,(p) lies inside €. One can check that & + d€ Cc B,Z is a
sub-cooperad whose image under B,(p) also lies in €. Thus & + d& =& . In other
words, & is stable under the coderivation of B, 2. So this is a sub curved cooperad
of B, 2. Then a morphism of curved conilpotent cooperad targeting & is equivalent
to a morphism targeting B, 9? whose image under B, (p) lies inside 6. This means
that& =B, 2 xp 0, 6.

The fact that the upper square is a pullback in the category of graded conilpotent
cooperads follows from the same arguments. O

Proof (Proof of Lemma 10). By, Lemma 11 and Proposition 15, it suffices to prove
that the morphism & — B, is an equivalence. By Maschke’s Theorem, there exists
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a map of graded $-modules i : Q,% — P such that pi = Id ¢ . The restriction of

i to s71C extends to a morphism of graded operads i : Q,€ — 9. We again have
pi =1d. Let K be the kernel of p. We have the following isomorphism of graded
cooperads:

D ~€ xT(sK) = T(C, T(sK))

Let us endow B, with the following filtration

F,B,P:=Ta® Z sF;, P®---®sF, P, n>0,
i +otip=n
k>1
where
FP:=K® Z sTFMCe- @5 FIMIC, i 1
j1+tj=i
k>1
This induces a filtration on &. These two filtrations are admissible. Let us show
that the morphism i : & — B, & is a filtered quasi-isomorphism. The dg $-module
G, (resp. G,B,9P) is made up of trees whose vertices are labelled by sK and €
(resp. B,Q,,€). If we denote by F;,G,<Z the sub dg S-module of G,Z made up of
trees such that at least —k vertices are labelled by sK, we obtain a bounded below
filtration on G, <; moreover, we define the filtration F'G,,B, 2 in the same fashion.
The map
G'G,2 - G'G,B,Z

is a quasi-isomorphism by Proposition 17. We conclude by Theorem 6 and Proposi-
tion 14. O

3.6 Proof of Theorem 5

We gather the results proven above to prove Theorem 5. We use the same steps as
the proof of Theorem 3.1 in Hinich 2001.

Proof (Proof of Theorem 5).

> The category of curved conilpotent cooperads is presentable. So, it is complete
and cocomplete.

> Let f and g be two composable morphisms of curved conilpotent cooperads.
It is clear that f, g and f g are all weak equivalences if two of them are weak
equivalences since this is the case for QO f, ,gand Q, fg.

> Cofibrations and weak equivalences are stable under retracts because this is
the case for cofibrations and weak equivalences of operads. Since they are
the morphisms which satisfy the right lifting property with respect to acyclic
cofibrations, the fibrations are also stable under retracts.
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> Let f : € > & be a morphism of curved conilpotent cooperads. Let us
factorise the morphism of operads Q,(f) by a cofibration followed by an
acyclic fibration Q, € —» P — Q, 9 (resp. an acyclic cofibration followed by
a fibration). Let us consider the following diagram.

B.Q,4 — 5 B.P —— B.Q,Z

| I |

¢ —— BPxp0,9P — D.

The map B, — B.Q, Y is a fibration (as the image under B, of a fibration).
Thus the map B.P xp o, & — < is also a fibration. Moreover the map
€ — B.P xp,0,9 < is a cofibration (since the composite map ¢ — B P is
injective). Moreover, all the vertical maps are equivalences by Lemma 10
and Proposition 17. Suppose that the morphism Q,% — 9 is an acyclic
cofibration. Then the morphism B.Q),,¢ — B.Z is an equivalence and by the
2-out-of-3 rule, the map ¢ — B9 xp o, Z is an equivalence. Suppose that
the morphism P — Q0,9 is an acyclic fibration. Then the morphism B.% —
B0, is an equivalence and by the 2-out-of-3 rule, the map B.P xp o o
9 — T is an equivalence.

> Consider the following square of curved conilpotent cooperads,
C — &
ks
D —F

where f is a cofibration and g is an acyclic fibration. By Lemma 10, g can be
factorised as follows

& 2 BPxpogF 2 F

where g; is an acyclic cofibration and where g, is the pullback of a map
B.P — B.Q, & which is the image under the functor B, of an acyclic fibration
of operads 2? — ), % . Since 3,,(f) has the left lifting property with respect
to this map P — Q,F, the morphism f has the left lifting property with
respect to g,. Moreover, the following square has a lifting by definition of the
fibrations.

%:%

gll lg

B, XB.Q,F F T) F

The composition of these two liftings gives us a lifting of the first square.
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> At this point, we have proven the existence of the model structure on the
category of curved conilpotent cooperads. Obviously, the adjunction Q,, 4 B,
is a Quillen adjunction. It is a Quillen equivalence by Proposition 16. O

3.7 Fibrations

Proposition 18 — The fibrations are the retracts of pullbacks of maps of the form B.(f) :
B.P — B.@ where f : PP — @ is a surjection of operads.

Lemma 12 — A fibration of curved conilpotent cooperads is surjective.
Proof. Let g: 6 — I be a fibration of curved conilpotent cooperads. Using the fact

that D is a dg cocommutative counital coalgebra, one can build the structure of a

curved conilpotent cooperad on & :=Z@D°®Z = I &2 @s~ ' J; the decomposition
A is defined as follows.

Ax:=Agx, ifxeZ C&,
As7lx:=(stold+Ido s )Ax.

The coderivation sends x to dx + s 1x and s~ !x to —s~1dx. Moreover, the curvature

= — 6
isthemap& =D"®9% - —Z, K. One can check that this defines a curved
conilpotent cooperad and that the maps

&(n)=D’@Z(n) celd, D(n),neN
form a morphism of curved conilpotent cooperads from & to &. Consider the
following square.

I—%€

Ll

& —9

Using the coradical filtration on & and 9, we find that G/*& ~ D’ ® G/ for
any integer n > 1. So the morphism Z — & is a filtered quasi-isomorphism and so a
weak equivalence. Since it is also an injection, it is an acyclic cofibration. So, the
square has a lifting. Subsequently the morphism € — & is surjective since & — &
is surjective. O

Proof (Proof of Proposition 18). It is clear that a retract of a pullback of a map B.(f),
where f is a surjection, is a fibration. Conversely, let g: ¢ — & be a fibration of
curved conilpotent cooperads. Consider the following diagram

BQ,% — % B.Q,Z

I,

> g
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where & is the pullback B.Q),, 6 xp 0,9 <. By Lemma 12, g is a surjection and so
Q,,(g) is also a surjection. So, B.Q,,(g) is a fibration. By the key lemma (Lemma 10),
the morphism & — B.(),,% is a weak equivalence. Since the map € — B.Q,% is
an acyclic cofibration, the map € — & is also a weak equivalence and an injection ;
that is, an acyclic cofibration. Hence, the following diagram has a lifting.

(g _ %:
Lk
& ——9
So g is a retract of the morphism & — . O

4 Curved conilpotent cooperads as models for homo-
topy operads

In Section 3, we have transferred the model structure of the category of dg operads
to the category of curved conilpotent cooperads along the cobar construction functor
in order to obtain a Quillen equivalence. So curved conilpotent cooperads encode
as well the homotopy theory of dg operads. In this section, we make this statement
more concrete; indeed, we show that the cofibrant-fibrant objects of the category of
curved conilpotent cooperads correspond to a notion of operad up to homotopy.

4.1 Homotopy operads

Definition 14 (Homotopy operad) - A homotopy operad P is a dg-S-module P
with a distinguished element 14 € P(1), together with the data of a curved conilpo-
tent cooperad on T¢(sP @K - v) whose coderivation restricts to sdp on sP and such
that dv = s1 5 and whose curvature 6 is the following map.

T(sPeK-v) »sPeK-v »K-v > K
vi—1
The curved conilpotent cooperad T¢(sP @K - v) is called the bar construction of the

homotopy operad & and is denoted B,9°. An co-morphism of homotopy operads
from 9 to @ is a morphism of curved conilpotent cooperads from B, to B.@.

Notation 8 — For any homotopy operad & = (P, v, 1 %), we denote by B=" P the
sub curved conilpotent cooperad of B, whose underlying $-module is T<"(sP &
K-v).

Example 3 - The functor bar B, from the category of operads to the category of
curved conilpotent cooperads factorises through an inclusion functor from the
category of operads to the category of homotopy operads.
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Proposition 19 — (Le Grignou 2019, Lemma 2) Let P be a dg-S-module. A structure of
homotopy operad on P is equivalent to the data of a degree —1 map y : T°(sP®K-v) — sP
which restricts to sdp on sP and such that for any tree T:

Z Y(T/T)1d®--@y(T)®---®Id) = (0@ - 0)A, .
T'cT

Proposition 20 - Let (P, y g, 1) and (@, yg, 1) be two homotopy operads. There is
a one-to-one correspondence between the co-morphisms from P to @ and the degree 0
maps f: T(sPOK-v) = sQ@®K - v such that on any tree T:

Y ve(T/T, TO(f(T)e@f (T)) = ) f(T/T')(1de--@ys(T )e-@ld),
T=T,u-UTi Ter

and such that Ogf = Ogp. Subsequently, co-morphisms are also equivalent to maps
f:T(sPK-v) — sQ such that f + (—)v satisfies the equation above.

Proof. The proof relies on the same techniques as the proof of Loday and Vallette
2012, p. 10.5.5. ]

Definition 15 (Infinity-quasi-isomorphisms) — Let &? and @ be two homotopy
operads. Let f : T(sP®K-v) — sQ be an co-morphism from & to @. We say
that f is an oco-isomorphism (resp. oo-monomorphism, co-epimorphism, co-quasi-
isomorphism, co-isotopy) if the restriction fi;p of f on sP is an isomorphism (resp.
monomorphism, epimorphism, quasi-isomorphism, the identity of the $-module
sP). An co-morphism f : T(sP @K -v) — sQ is said to be strict if f(T) is zero on
trees with two vertices or more and if f(v) = 0.

Example 4 - Let 2? and @ be two operads considered as homotopy operads. Mor-
phisms of operads from & to @ are exactly strict co-morphisms.

Proposition 21 — An co-morphism is a monomorphism (resp. isomorphism) if and only
if it is an co-monomorphism (resp. co-isomorphism)

Proof. The fact that an co-morphism is a monomorphism if and only if it is an
oo-monomorphism follows from a straightforward induction. A similar induction
shows that an co-monomorphism is an isomorphism if and only if it is an co-
isomorphism. So co-isomorphisms are isomorphisms. O

Proposition 22 - Let € = (C, A, €,1,0) be a curved conilpotent cooperad whose under-
lying graded cooperad is cofree cogenerated by a graded S-module V; that is, € ~ TV in
the category of graded cooperads. Suppose that there exists v € V(1), such that 6(v) = 1.
Then G is isomorphic to the bar construction of a homotopy operad.
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Proof. Let sP CV be the kernel of the restriction of the curvature 6 to V. We have an
isomorphism of dg $-modules f; : V = sP@K-v. Consider, the following morphism

f:TV ->sPeKv
xeV fi(x)
X1 ® - ®x, > 0(x1 Q- Qx,)v .

It induces an isomorphism of graded conilpotent cooperads between 6 and T(sP &
K-v). Let us endow T(sP®K-v) with the structure of curved cooperad obtained by
transfer of the coderivation of € and of the curvature of ¢ along this isomorphism.
Then T(sP @K - v) becomes the bar construction of a homotopy operad. O

Proposition 23 — Let f be an oo-epimorphism (resp. co-monomorphism) from P to @.
There exists an co-isotopy g such that f g (resp. gf) is a strict morphism.

Proof. The proof relies on the same arguments as those used in Lefevre-Hasegawa
2003, p. 1.3.3.3. O

4.2 Obstruction theory of homotopy operads

Proposition 24 - Let PP = (P, yp, 1) and @ = (Q, yg, 1g) be two homotopy operads.
Let 1 be a map from BE""1P to sQ @ K - v which can be extended to a morphism of
curved conilpotent cooperads from B=""1 9 to Bs""1@. Let m be the degree —1 map from
T"(sP®K-v) to sQ® K- v defined on any tree T with n vertices by

"= Z IT/T)1d® @y (T )®--®Id)- Z Ye(T/Tiu---UT)((Th)®: - -®L(Ty)) -

T’cT T=Ty U-UTy
#T7>2 k>2

The map m is a cycle of the chain complex [T*(sP®K-v),sQ &K - v] whose differential
is induced by the differential of sP @ K - v and by the differential of sQ®K - v.

Proof. Let us extend [ on T"(sP@®IK-v) by 0. Let L be the morphism of cooperads
from B:"9 to Bs"@ induced by the map /; that is,

L(T):= Z I(T))®---@(Ty).

Notice that L commutes with the coderivations when restricted to BS"~1. 9. More-
over, let M be the map from T"(sP@® K- v) to B.@ defined as follows on any tree T
with n vertices:

M:=LD-DL.

where D denotes the coderivation of either B, or B.@. If d denotes the differential
of T(sP®K-v) induced by the differential of sP®K-v. Then

DM +Md =DLD - D*L+LDd - DLd
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=DL(D-d)-D?L+LDd
=LD(D-d)-D?L+LDd

=LD?*-D’L
=(0QL-L®O)A,—(0®L-L®6O)A,=0.

Moreover, let 7t M be the projection of M on T>!(s@ @ K - v). We have:

M= ) ) ((T)@--@UT)De--@(T))~ ) w1 D((T)®--8l(T)

T=T|U-UT, T=T) L-UTy
k>2 k>2
Since
71 D(I(Th) @+~ ® (Tk))
T=Ty U--UT
k>2
= ) Y (de--8ye(T)8-8ld)I(T)) 8- 8(T)
T=T\-UTy T'CT/ Ty, T
k>2
=) ) (UT)e-eyel(T)e-olT),
T'CT T=Tyu-UT’U...UTy
k>2
we have t,;M = 0. So M = m and so dm = DM + Md = 0. O

Proposition 25 — Let P be a graded S-module together with a degree —1 map y :
T=""1(sP@K . v) — sP such that on any tree T with n—1 or less vertices:

Z Y(T/T)d®---@y(T)®--®1d) = (0@r-1®0)A,,
T'cT

where 0 and 1t are defined in the obvious way. In particular, y extends a differential d
on sSP@® K- v whose image lies in sP. Let « be the degree —2 map from T"(sP @& K- v) to
sP defined on any tree T with n vertices by

K= Z Y(T/TNId®---@y(T)®--®ld) - (0 @1 -TR0O)A, .

T’CT
#vert(T’)>2

Then x is a cycle of the chain complex [T"(sP @ K- v), sP]| whose differential is induced
by the differential of sP @K - v and by the differential of sP.

Proof. If n =2, then k = -(0 @M -1 ®0O)A, is a cycle. For n > 3, we use the same
techniques as in the proof of Proposition 24 to prove that it is a cycle. O
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The following proposition is a consequence of Proposition 24 and will allow us
to show that bar constructions of homotopy operads are fibrant curved conilpotent
cooperads.

Proposition 26 — Consider the following commutative square of homotopy operads with
oo-morphisms

P @
ks

where f is both an co-quasi-isomorphism and an co-monomorphism and g is an oo-
epimorphism. This square has a lifting.

Proof. By Proposition 23, we can suppose that f and g are strict morphisms. We
will build by induction maps

L:T"sP’eK-v) >sQeK-v,n>1,

such that

a(ln) =my,

glln =Vn,

ln(fl ®"'®f1) =Up,
where

m, = Z I ([d® @y ®-®Id) - Z Y, ®--@Ip) .
T’cT T=Ty U-UTy
#vert(T’)>2 k>2
Suppose that we have constructed Iy, ..., I,_;. Since, by Proposition 24, m,, is a
cycle in the chain complex [T"(sP’ @ v),sQ @ K- v] (whose differential is induced
by the differential of sP’®K- v and the differential of sQ ® K- v), constructing [,
amounts to lift the following square.

mn

s > [T"(sP’' ®v),sQ®v]

| !

DO m [T"(sP®v),sQ® V] X[17(spgo),sQ'av] [T" (P’ ®v),5Q" ®v]

Since g; is a fibration and since f; is an acyclic cofibration of dg $-modules, then
the right vertical map is an acyclic fibration of chain complexes. So the square has a
lifting. Thus, we obtain I,,. Let L : B.9’ — B.@ the morphism of graded cooperads
induced by the maps (lx);2,. It is a morphism of curved conilpotent cooperads
since it commutes with coderivations and since Op g = O @' B.(v) = Op_g'B.(g)L =
QBC@L' O
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4.3 Fibrant curved conilpotent cooperads

Proposition 27 — The fibrant curved conilpotent cooperads are the curved conilpotent
cooperads isomorphic to the bar construction B, of a homotopy operad P.

The proof of this proposition consists in showing that a retract of a cofree graded
conilpotent cooperad is cofree.

Lemma 13 — A retract of a cofree graded conilpotent cooperad TV is isomorphic to a
cofree graded conilpotent cooperad.

Proof. Let € be a retract of the cofree curved conilpotent cooperad T¢(V). Let us
denote W = F{6/F,6 . First, for any integer n, the map

F, € 5 T(%) > T'(€)
factorises through T"(W). Let us consider the following retract diagram

Gn% E— GnT(V) — Gn%

l | |

T"(W) — T"(V) —— THW).

Since the middle vertical arrow is an isomorphism, the map G, 6 — T"(W) is also
an isomorphism. Besides, the image through the morphism T(V) — € of V is
contained in W. So, using the projection 7 : T(V) — V, one obtains the following
map

C->TV)->V->W,

and hence one obtains a morphism of cooperads 6 — T°(W). Notice that the
composite map W — € — T(W) is the usual inclusion of W into T(W). Finally,
consider the following diagram.

G, & — G,T(W)

l |

T™W) —— T*(W)

Since the two vertical maps and the bottom horizontal map are isomorphisms, so is
the map G, ¢ — G, T(W). We conclude by Theorem 6. O

Proof (Proof of Proposition 27). Let € be a fibrant curved conilpotent cooperad.
Since the map ¢ — B.(),% is an acyclic cofibration, it has a right inverse p and
s0, € is a retract of B.Q, €. So, by Lemma 13, € is cofree: € := T()). Moreover,
p(v) is an element of V such that 8(p(v)) = 1. So, by Proposition 22, € is isomorphic
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to the bar construction of a homotopy operad. Conversely let % be a homotopy
operad. The canonical morphism B,.9% — B.Q),,B.Z is an co-monomorphism and
an co-quasi-isomorphism by a variant of Proposition 17. So, by Proposition 26, it
has a left inverse; so B9 is a retract of B.Q, B, 2. Since B.Q),, B, is fibrant, B,.%
is fibrant. O

Proposition 28 — An oco-morphism of homotopy operads is a cofibration (resp. a fi-
bration, a weak equivalence) of curved conilpotent cooperads if and only if it is an
co-monomorphism (resp. co-epimorphism, co-quasi-isomorphism).

Proof. We have already proven (Proposition 21) that an co-morphism is a monomor-
phism (that is, a cofibration) if and only if it is an co-monomorphism. Let f : PP — @
be an co-morphism of homotopy operads. Consider the following square of $-
modules.

QH
0,82 2 0,B.@

P T) @

where f is the restriction of f to 98. The two vertical maps are quasi-isomorphisms
by a variant of Proposition 17. So the lower horizontal map is a quasi-isomorphism
if and only if the upper horizontal map is a quasi-isomorphism; that is, f is a weak
equivalence if and only if f; is a quasi-isomorphism. Finally, suppose that f is
an co-epimorphism. Since it is surjective, (), (f) is surjective and so B.Q),(f) is a
fibration. Let us show that f is a retract of B.Q),(f). We already know (Proposition
27) that B.@ is a retract of B.Q),,B.@. Consider the following diagram.

Bc@ E— BcgluBC\gj ey BC‘@

L e

Bc@ — BcQuBc@’ — Bc@
Finding a morphism B.Q), B, — B,% making the diagram commute and such that

the upper horizontal composite map is the identity amounts to lift the following
square, which is possible by Proposition 26.

B, ——— B, P

l l

BcQuBcg‘S —_— Bc@

Conversely, suppose that f is a fibration. It is an co-epimorphism because the

57



Algebraic operads up to homotopy B. Le Grignou

following diagram of curved conilpotent cooperads has a lifting

I — B

! lf

I®sQ®s 'sQ — B.@,

where Z®sQ®s 1sQisa dg S-module considered as a curved conilpotent cooperad
with trivial decomposition A. O

Proposition 29 — Let PP and @ be two dg operads. They are linked by a zig-zag of quasi-
isomorphisms of dg operads if and only if they are linked by an co-quasi-isomorphism.

Proof. Suppose that 9P and @ are linked by an co-quasi-isomorphism f. Then they
are linked by a zig-zag of quasi-isomorphisms of operads as follows.

P 0,82 20,806 —s @

Conversely, suppose that 9° and @ are linked by a zig-zag of quasi-isomorphisms
of operads. Any quasi-isomorphism of operads has an homotopy inverse which is
an oo-quasi-isomorphism. So there exists an co-quasi-isomorphism from 9 to @.0

4.4 Homotopy transfer theorem

Consider an acyclic fibration of dg $-modules p: P — Q.

Theorem 7 — Suppose that P has a structure of homotopy operad denoted by . Then
there exists an oo-isotopy f : PP — P’ of homotopy operads and a structure of homotopy
operad on Q such that the map p : P’ — Q is a morphism of homotopy operads.

Proof. We build by induction this co-isotopy and this structure of homotopy operad
on Q; that is, we build by induction maps

Vn :"Jl"”(sQealK-v)El—)sQ,
fo: THsP®K.-v) > sP,

for n > 2 such that on any tree T with n vertices:

ayn = _ZT’QT, #vert(T')>2 )/<n(1d®"'®7/<71(T/)®"'®Id) + (9®T[—TC®9)A2 ’
Vb +pdfa) =L mer pfenld® - ®ys(T)® - ®ld)

#vert(T')>

=) T=Tju.uTy 7’<n(Pf<n(Tl) ® - ®pfenlTy)),

1<k<n
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where p is extended to K- v by p(v) = v. Suppose that we have built y,, f5, ..., V-1,
fu_1. Consider the chain complex

[T"(sQ@v),sQ]®[T"(sP®v),sP]®s [T (sP@v),sP]

where [T"(sQ @ v),sQ] is endowed with the differential induced by the differential
of sQ&v, such that dv = p(slp), and the differential of sQ. Moreover, the differential
on the other summands is the adding of s™! to every element of [T"(sP ®v),sP].
The following morphisms of chain complexes

[T"(sP®v),sP]@s ! [T"(sP®v), sP] [11"”(577691/) sP] [T"(sP&v),sQ]

[T (sQov), sQ] ["IF”(SPEBV sQ]
are respectively a surjection and a weak equivalence. The morphism
[T"(sQ®v),sQ]®[T"(sP®v),sP]®s  [T"(sP&v),sP] —» [T"(sP &v),sQ]

is an acyclic fibration. Moreover, by Proposition 25, the element

K, = — Z Yen(Id®@- @y (T ® - ®Id)+ (0@ -t ®0O)A,

T’CT
#vert(T’)>2

is a cycle of the chain complex [T"(sQ @ v),sQ]. This gives us the following
square of chain complexes.

(14,0,

572 —> [T*(sQ®v),sQ]® [T (sP®v),sP]@s [T (sP®v),sP]

|

D! - > [T"(sP@v),sQ]

where x,, is the following element of [T"(sP & v),sQ]:

Xn= ) pfalld@@yp(T)@0ld)~ ) ya(pfalT))@@pfau(Ty)

T’cT T=TyU..UTy
#vert(T")>2 1<k<n

Indeed, d(x,) = k,p®" by Lemma 14. This square has a lifting which gives us y,
and f,. O

Lemma 14 — In the proof of Proposition 7, we have

a()(n) = Knp®n
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Proof. Let us denote pf by g and let us extend it to T"(sP @K v) by 0. Moreover,

let us extend y : T<" 1(sQ @ K - v) ﬂ> sQ to T"(sQ@® K- v) by 0. Moreover, we
denote respectively by G and D the morphism of cooperads which extends g and
the coderivation which extends D. Notice that G commutes with the coderivations
when restricted to T<""!(sP®K - v). Then

Xn =7(GD -DG).
Besides, if we denote by d the differential on T"(sQ @ K- v), then we have
D(GD-DG)+(GD-DG)d = DGD - D?>G + GDd - DGd
=DG(D-d)-D*G+GDd
=GD(D-d)+GDd - D?*G
=GD?*-D?G.
As in the proof of Proposition 24, we have
GD-DG=n(GD-DG)=¢gD-yG=x,,
and so D(GD - DG) + (GD — DG)d = d(x,,). Moreover, one can show that
nD*G=yDG=(0®g-g®0)A, —x,p®" .
Since n1GD? = (0 ®g—g®0O)A,, we have d(x,) = x,p®". O

This homotopy transfer theorem may for instance be applied to the homology of
a homotopy operad. Indeed, a dg S-module is linked to its homology by an acyclic
fibration.

Proposition 30 — Let V be a dg S-module and let H(V) be its homology. There exists an
acyclic fibration of dg S-modules from V to H(V).

Proof. Let Z(V) be the $-module of cycles of V. Consider the following diagram of
S-modules.
V —— Z(V) —— H(V)

Since any graded KK[S,,] module is projective, the surjective morphism Z(V) — H(V)
has a right inverse. Thus, we obtain an inclusion H(}V) — V which is a quasi-
isomorphism. It has a right inverse which is an acyclic fibration. O

Remark 4 - Let & = (P,y,1) be a dg operad and let p be an acyclic fibration of
S-modules from P to its homology H(P). The homotopy transfer theorem applied to
p gives operadic Massey products of 2. We refer to Livernet 2015 for a computation
of operadic Massey products of the Swiss cheese operad.
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4.5 Path object

For any integer n € IN, let ®[n] be the linear dual of the normalized Moore complex
of the simplicial set A,,. For instance ®[1] is as follows:

P[1]p:=K-(0)eK-(1),
®[1] :=K-(01),
P[1],=0, ne{-1,0},
d(0)=(01),
d(1)=-(01).
Proposition 31 - Let P = (P, v, 1 ) be a homotopy operad. The dg S-module [1]®

P has a structure of homotopy operad that we denote P[1]®@ P and which is a path object
of the homotopy operad P.

Proof. For convenience, we will denote T"(s®[1]®@ P& K- v) by BI*P; and T"(sP &
K- v) by B/*P. We build by induction maps

v B'PL L o110 5P

such that on each tree T with m or less than m vertices

ay(T) + Z YT/T)1d®-®y(T)®---8) = (0@ - ®O)A,

T'CT
#vert(T’)>2

where 7t is the projection of B.P; onto s®[1]®P and 6 is the map B,/P; » K-v — K.
Moreover, we require the following equality between maps from B[P, to sP (resp.
BI"P to s®[1]®P):

Yop(s6; @ Idp &1d,)*" = (s6; @ 1dp) Yy

Vm(so®@Idp@1d,)®" = (so®@Idp)yp ,

for the two face maps ¢, : ®[1] — K and for the degeneracy map o : K — ®[1].
Suppose that we have built y», ..., y,,_1. Using the same techniques as in the proof
of Proposition 26, building y,, amounts to find a lift to the following square:

s-! > [BI'Py,s®[1]®@ P]

| |

D™ —— [BIP,s®[1]® P] xgrp,sposp [BIPL sP@sP].

Since the map B!"P — BI"P; induced by the degeneracy map o : K — ®[1] is an
acyclic cofibration and since the morphism s®[1]® P — sP & sP induced by the
two face maps @[1] — K is a fibration, the right vertical map of the diagram is an
acyclic fibration. So the square has a lifting.
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If & is an operad, then we can give a precise description of a path object.
Proposition 32 — Let P = (P, yp, 1, dp) be an operad. A path object of B, in the
category of curved conilpotent cooperads is given by the homotopy operad P[1]® FP
whose unit is ((0) + (1)) ® 1 g and whose structure map

y:T(sP[l1]@PeK-v)— sP[1]®P

is defined as follows. Consider the following tree X labelled by elements of sP[1]QP.

( )=—sdpo®xp + (—1)|¢0|+1s¢0 ®dxg
(X) = (-1)olsdg @ yp(xg ®x1) if n =1 and pg = 1 = (0) or g = 1 = (1)

y(X) = (-1 s(01) @ yp(xo®x1) if n =1, ¢g = (01) and ¢ = (1)
(X) = (~1)FoHm15(01) @ yp(xg ®s, X1 ® -+ ®xy) if 121, b = (0) and P1,..., ¢y = (01)
( )+(1)®1gs .

The map 7y is zero on all other labelled trees (for instance, the trees of height higher than
2 or the trees which contain v and have at least two vertices).

Proof. Let us denote by D,, the coderivation of T*(sP® ®[1]® K- v) which extends
y. We have to prove that

¥D,, (s ®x9) ®v) = =5 ®x0 ,
YD, (v®(sdp1 ®x1)) =sPp1 ®x1,
yD, is zero on all other labelled trees.

The two first equalities are straightforward to prove. Then it is clear that yD, is
zero on any other tree which contains v and on any tree whose height is larger than
3. Finally, one can easily check that yD,, is zero on any other tree of height one, two
or three. O
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4.6 Strict unital homotopy operads

Definition 16 (Strict unital homotopy operads) — A strict unital homotopy op-
erad is a homotopy operad (%, v, 1) such that:

yopWv)=dv=slgp,

Yp(slgp ®sx) = sx

Yp(sx®slgp) = (—=1)sx

Yp(sx®v) = yp(v®@sx) =0
Yp(5x®-®slp®---®sy) =0, on T2 (sPK-v),
Yp(5Xx®-®v®--®s5y) =0, on T (sPOK-v).

Let & and @ be two strict unital homotopy operads. A strict unital co-morphism
from & to @ is an co-morphism f : T(sP & K- v) — s@ such that

flv)=0,

f(5x®--®v®---®sy) =0, on TZ(sPK-v),

f(sx®®slp®--®sy) =0, on T2(sP K v).
In particular f(slgp)=:slg.
Definition 17 (Truncated bar construction) — A semi-augmentation of a strict uni-
tal homotopy operad (%, ¥, 1 ») is a morphism of graded $-modules € : P# - 1
such that e(14) = 1. We denote by P the kernel of € and by 7 the projection of
P on P parallel to 1. Let (P, yg) be a strict unital homotopy operad equipped
with a semi augmentation €. The truncated bar construction of & is the conilpotent
cooperad B, := T(sP) equipped with the coderivation which extends the map

Vo TsP — sP
defined by 7 5 := my. It is also equipped with the degree —2 map 6 := e(s ™! )y .
Proposition 33 — Let (P, Y, 1,€) be a semi-augmented strict unital homotopy operad.

The truncated bar construction B, P is a curved conilpotent cooperad with curvature 6.
Moreover, the composite map

B,P > PP

induces a morphism of curved conilpotent cooperads from B, 9P to B.P. This morphism
is universal, in the sense that for any strict unital homotopy operad @, and for any
morphism of curved conilpotent cooperads f : B,9P — B @, there exists a unique strict
unital co-morphism which extends f.

B.% — s B@

B
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Proof. It follows from straightforward calculations. O

Proposition 34 — Any co-morphism between strict unital homotopy operads is homo-
topic to a strict unital co-morphism.

Proof. Let P and @ be strict unital homotopy operads and let f : B.9? — B.@ be
a morphism of curved conilpotent cooperads. First choose a semi-augmentation

of . Then, denote by g the composite morphism B, < B . P i) B.@. Let h:
B.9P — B.@ be the unique strict unital co-morphism which extends the morphism
g. Consider the following square

B, —— path(B.@)

l l

BC@ T BC@ XBC@’/

where the horizontal upper arrow is the composite morphism B, % LN B.@ —
path(B.@). Since the inclusion B,9? — B.@ is an acyclic cofibration and since the
map path(B.Z) — B.@ x B.@ is a fibration (by definition of a path object), this
square has a lifting. O

Proposition 35— Let p: P — Q be an acyclic fibration of dg S-modules together with a
structure of strict unital homotopy operad on P. There exists a structure of strict unital
homotopy operad on Q and a strict unital co-isotopy f : P — P’ such that p : P’ — Q is
a strict co-morphism.

Proof. We can impose the strict unital conditions at every steps of the proof of
Theorem 7. O

5 Application to algebras over an operad and infinity-
morphisms

In this section, we recall the notions of algebras over an operad, coalgebras over a

cooperad and the concept of infinity morphisms between algebras over an operad;

see for instance Loday and Vallette 2012 and Le Grignou 2019 for more details.
Moreover, we give an operadic formulation of these infinity-morphisms.

5.1 Algebras over an operad, coalgebras over a cooperad.

Definition 18 (Algebra over an operad) - Let 22 = (P, y, 1) be an operad. An alge-
bra over & (or for short a P-algebra) & = (A, 1P 4) is the data of a chain complex A
together with a morphism of operads 4 : » — End 4.
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5. Application to algebras over an operad and infinity-morphisms

Let f : A — B be a morphism of chain complexes. Consider the following
pullback of dg S-modules.

End 4 XEnd Endy —— Endy

| |

Endg —— Endj,
where the right vertical map and the bottom horizontal map consist respectively in
post-composing with f and precomposing with f®".

Lemma 15 - The S-module End 4 x 44 Endpg has a canonical structure of operad
B
induced by the structure on End 4 and the structure on Endp.

Proof. Straightforward. O

Definition 19 (Morphisms of algebras) — A morphism of %-algebras from (A, ¢ 4)
to (B,4p) is the data of a morphism of chain complexes f : A — B such that the
following square diagram commutes

P L}End/\

lwg |

Endg —— Endg‘ .
In particular, it corresponds to a morphism of operads from & to End 4 xg_ 4 4 Endp.

Definition 20 (Coalgebra over a curved conilpotent cooperad) — Let us consider
a curved conilpotent cooperad € = (C,A,€,d¢,0). A 6 -coalgebra & = (D, Ap,dp)
is the data of a graded IK-module D together with a morphism Ap: D —-CoD and a
degree —1 map dp : D — D such that

(eold)Ap=1d,

(AoId)Ap =(Id o Ap)Ap,
Apdp =(deold+1d o dp)Ap,
d% = (0cold)Ap .

A morphism of €-coalgebras from & = (D, Ap,dp) to & = (£, A¢, de) is a morphism
of graded K-modules f : D — £ such that fdp =d¢f and (Id o f)Ap = Acf.

Proposition 36 — (Le Grignou 2019) Let A be a chain complex. The following sets are
canonically isomorphic:
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> The set of (3,6 -algebra structures on A.

> The set of degree —1 maps ¢ 4 : C — End 4 such that
Npa)+vp(Pa®Pa)Ag)r = Oz (-)Id4 .
> The set of degree —1 maps y 4 : C o A — A such that (y 4)4 = d 4 and such that
yaD,, =00ldy,

where
D, =(Ido(m;7.0))(Ag o Idy)+dc o Idy .

> The set of degree —1 endomorphisms D of the graded S-module C o A such that
Dy4 = d g and such that (Co A,A¢ o1d,D) is a ‘€ -coalgebra.

Therefore, to any (), % -algebra & = (A, y4), one can associate a ‘€ -coalgebra
(6 o A,Acold,D,). This process is functorial.

Definition 21 (The bar functor relative to a curved conilpotent cooperad) —

Let B, be the functor from the category of Q, ¢ -algebras to the category of 6 -
coalgebras which sends & = (A, 4) to (¢ o A, A¢c 01d,D,) and sends a morphism
f:A—>Btothemapldof:CoA—CohB.

5.2 Infinity-morphisms of algebras

Definition 22 (Infinity-morphism) — Let & = (A,y4) and B = (B,yg) be two
), 6 -algebras. An infinity-morphism (co-morphism for short) from A to B is a
morphism of € -coalgebras from B,A to B,5.

These co-morphisms have a manageable equivalent definition.

Proposition 37 — (Le Grignou 2019) Let & = (A, y4) and B = (B, yg) be two Q,6 -
algebras. There is a canonical isomorphism between the set co-morphisms from ¢ to B
and the set of graded maps f : C o A — B such that

fdga=(yaldof)(Acold). (1)

Definition 23 (Infinity-isotopy) — Let &/ = (A, y4) and &’ = (A, y.4) be two Q, 6 -
algebras which have the same underlying chain complex .A. An infinity-isotopy
from & to &/’ is an co-morphism f whose first level map is the identity of A, that
is, such that fi4 = Id 4.

We give here an other definition of an co-morphism that will be useful in the
sequel.
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Lemma 16 — An co-morphism from (A, ¢ 4) to (B, $g) is equivalent to the data of a
morphism g of graded S-modules from C to Endé such that

Q) +7(Pppog)A+y(g®Pa)A=0. (2)

Proof. An co-morphism is a map f : C o A — B satisfying Equation (1). We have a
canonical isomorphism

homgyod(C 0 A, B) ~ homg, g woa(C,Endy) .
Moreover, f satisfies Equation (1) if and only if its image satisfies Equation (2). O

5.3 Infinity-morphisms of algebras in terms of morphisms of ho-
motopy operads

Definition 24 — Let f : V — W be a morphism of chain complexes. We denote by
PV, f,W) the dg S-module whose underlying graded $-module is

P(V,f, W) =Endy(n)@s 'End},(n) @ Endyy(n),
and which is equipped with the following differential
d(gy+s~' gl +aw) = dp(gy) +s~ fFay—sT gn —s aw " +dv(gy)

where dy, (resp. dyy, resp. 35\,) is the usual differential of Endy, (resp. Endyy, resp.
EndVW).

Lemma 17 — The square diagram

PV, f,W) —— Endy,

l l

Endyy — EndY, ,
is a homotopy pullback in the model category on S-modules.

Proof. One can factorise the map Endy — End}f\, through the sub $-module of
Endy(n)@®[1] ®End}fv(n) made up of the elements gy, +(0)® gy +(01)®go1 +(1)® gy
such that gy = fgy. The first map of this factorisation is an acyclic cofibration
and the second one is a fibration. So, the homotopy pullback may be obtained as
the pullback of this fibration with the morphism End,y, — End))fv. This is exactly
PV, f, V). ]
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Proposition 38 — There exists a structure of homotopy operad on P(V, f, W) whose unit
is Idy + 1d\y and whose structure map

y TPV, fLW)eK-v) —» sPV, f,WV)

is defined as follows. Consider a tree as in Proposition 32 labelled by elements of
sPWV, f,W). If n =0, then y is given by the differential on P(V, f,W). The elements

V(sgy ®sgy)

V(sgw ®sgy)
y(ssT gh ®sgy))
y(sew®(ss'gr @ ®ss7'g,))

are given by the usual composition of morphisms of chain complexes. Notice that in the
last case, if one input of gyy is not linked to one of the g;, then y acts as if it was linked to
f. Finally, v sends other labelled trees to zero.

Proof. It follows from the same arguments as in the proof of Proposition 32. O

Proposition 39 — The projection maps P(V, f,W) — Endy and P(V, f,W) — End)y
are oco-morphisms of homotopy operads. Moreover the morphism

El’ldV XEnd‘ly EndW — P(V, f, W)

(xy)>x+0+y
is an oo-morphism of homotopy operads.
Proof. Straightforward. O

Theorem 8 — Let € be a curved conilpotent cooperad. The data of a morphism of curved
cooperads from € to B.(P(V, f,W)) is equivalent to the data of Q0,6 -algebra structures
on V and on W together with an co-morphism from V to W whose first level map from V
toWis f.

Proof. Consider a morphism of curved conilpotent cooperads ¢ — B.(P(V, f,W)).

This is equivalent to the data of a degree —1 map ¢ : C — Endy(n) @s‘lEnd}fV(rl) @
End)y(n) such that

AP)+y(pod)A=0(-)Idy+Idy). (3)

The map ¢ can be decomposed as follows
¢ =dy+s by +spw .
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Then the above equation (3) is equivalent to the three following equations

APy) +y(Py @ Py)A, = 6(-)Idy
A(Pw) +y(Pw @ Pyy)Ay = 0(=)Idyy _
Apyy) + fpy = dw " + ¥ (dyy @ Py)As + Y (dyy o P)y)A = 0.

Then ¢y and ¢y are twisting morphisms and so induce morphisms of operads
from Q,, € to respectively Endy, and Endyy. Moreover, one can extend 4)5\, to all the
S-module C by sending 1 to f. Then the last equation rewrites

AP1y) + V(b @ P A2 + Y (byy 0 PIL)A = 0.

By Lemma 16, (p}f\, defines an co-morphism from (V, ¢y) to (W, ¢y) whose first level
map is f. O

The next corollary generalises a result of Fresse (Fresse 2009) that describes a
path in the space of algebraic structures on a chain complex in terms of infinity-
isotopy.

Corollary 2 — Let € be a curved conilpotent cooperad. The data of a morphism of curved
cooperads from € to B.(P[1]®End 4) (as defined in Proposition 32) is equivalent to the
data of two ), 6 -algebra structures on A and an co-isotopy between them.

Proof. It suffices to notice that ®[1]® End 4 ~ P(A,Id 4, A). O

5.4 Homotopy transfer theorem for algebras over an operad

The homotopy transfer theorem is a result that holds for algebras over any cofibrant
operad; see for instance Loday and Vallette 2012 and Berger and Moerdijk 2003,
Theorem 3.5. We give here an interpretation of this result in terms of homotopy
operads.

Proposition 40 (After Berger and Moerdijk 2003) — Let € be a curved conilpotent
cooperad. Let p : A —V be an acyclic fibration of chain complexes. Suppose that A is
endowed with a structure of QQ,/ € -algebra denoted y. Then there exists:

> a new structure y’ of Q€ -algebra on A, together with an co-isotopy i : (A, y) —
(A7),

> a structure yy of Q,€ -algebra on V such that p is a morphism of Q,, € -algebras
from (A, ') to (V, ).

Lemma 18 — In the context of Proposition 40, the morphism B.(End 4 X 44 Endy) —
v
B.(P(A,p,V)) introduced in Proposition 39 is an acyclic cofibration.
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Proof. Since p is a fibration, the pullback End 4 XEnd! Endy, is also a homotopy
pullback in the model category of $-modules. So by Lemma 17, the map End 4 X Ends!
Endy — P(A,p,V) is a quasi-isomorphism and so the morphism B (End 4 X Ends!
Endy) — B.(P(A,p,V)) is a weak equivalence. Moreover, it is an injection and so a
cofibration. 0

Proof (Proof of Proposition 40). The structure of (),6 -algebra on A is given by a
morphism of curved conilpotent cooperads 6 — B.End 4. Moreover, since p is an
acyclic fibration, the map P(A,p,V) — End 4 is also an acyclic fibration and hence
the following diagram has a lifting

@ —— B.P(A,p,V)

| !

% — B.End,.
The map of Lemma 18 has a left inverse. The following composite map

@ — BcP(A,p,V) = Be(End 4 xp, 44 Endy))

induces a new structure of (), % -algebra on A and a structure of QQ,, ¢ -algebra on V
such that p is a morphism of (), 6 -algebras. The following diagram is commutative
and has a lifting.

B.(End 4 XEnd! Endy) —— B.(End4) — B.(P[1]®Endy)

! |

B.P(A,p,V) s B.End 4 x B.End 4

So the new structure of (), % -algebra on A is homotopic to the old one. This
corresponds to an co-isotopy. |

Appendix A: Colored bar-cobar adjunction

Consider the adjunction Q),, 4 B, described above and relating curved conilpotent
cooperads to operads. We have shown that the projective model structure on
the category of operads may be transferred to the category of curved conilpotent
cooperads along this adjunction. In other words, there exists a model structure
on the category of curved conilpotent cooperads whose cofibrations (resp. weak
equivalences) are the morphisms whose image under (), is a cofibration (resp. weak
equivalence). In this appendix, we show that this method cannot be extended to the
multi-colors framework, that is, to dg categories and curved conilpotent cocategories.
As an immediate consequence, it cannot be extended to colored operads.
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Appendix A: Colored bar-cobar adjunction

Definition 25— A dg (resp. graded) quiver (X,V) is the data of a set of objects
X and a chain complex (resp. graded KK-module) V(x,x’) for any (x,x’) € X?. A
morphism of quivers F from (X, V) to (Y, W) is the data of a function F : X — Y and
morphisms F, ,» : V(x,x") = W(F(x), F(x')).

Example 5 - For any set X, we denote by Ix the quiver whose set of object is X and
such that

Ix(x,p)=0ifx=yp,
Ix(x,x) =K.

Definition 26 — A differential graded (dg) category & = (X, A, ¥, (1,)rex) is the data
of a dg quiver (X,.A), an associative composition y, ;. : A(x,) ® A(y,z) — A(x,z)
together with units 1, € A(x, x)q for this composition.

Definition 27 — A curved conilpotent cocategory € = (X,C,A,d, 0) is the data of
a graded quiver (X,C), a conilpotent coassociative decomposition A : C(x,z) —
@yC(x,y) ® C(y,z) together with a degree —1 map d : C(x,y) — C(x,y) for any

(x,y) e X2, and degree —2 maps 0 : C(x,x) — K such that

Ad=(d®ld+1d®d)A,
d>=(0®1d-1d®6)A,
0d=0.

Curved conilpotent cocategories are related to dg categories by an adjunction
a la bar cobar that we denote (2, 4 B, since it extends the adjunction between
unital algebras and curved conilpotent coalgebras that we described in Le Grignou
2019, §8.3 and that was already denoted Q,, 4 B.. On the one hand, let & :=
(X, A,7,(1,)xex) be a dg category. Its bar construction is the curved conilpotent
cocategory B,/ := T(sA®s%Ix). It is equipped with the coderivation which extends
the following map.

T(sA®sIy) —»TSZ(SAGBsle) — sA®s’Iy

sx®sy > (-1)Msyy (x@y)
sx®s°1,-0
521 > sl

sX > —sdx .
Its curvature is the degree —2 map.
T(sA@s’Iy) » s’ Iy — Iy

211,
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On the other hand, let € := (C,C, A, d, 0) be a curved conilpotent cooperad. Its
cobar construction is made up of the graded category

Q,¢ =T(s"'0),
together with the following derivation,
sl 0(x)1 —stdx - Z(—l)l"lls_lxl ®s1x,,

where Ax =) x; ® x,.

Proposition 41 — The bar construction and the cobar construction are both functors.
Moreover, the functor Q,, is left adjoint to the functor B.

Proof (Proof). The proof relies on the same arguments as the proof of Le Grignou
2019, Proposition 21. i

Tabuada proved in Tabuada 2005 that the category of dg categories may be
equipped with a model structure as follows.

Theorem 9 — (Tabuada 2005) There exists a model structure on the category of dg
categories such that a morphism F : (X, A, ¥, (1x)xex) = (X, AL v, (1 )xex’) 15

> a weak equivalence if and only if the map Fy, : A(x,y) — A’(F(x),E(y)) is a
quasi-isomorphism for every (x,v) € X? and the functor Hy(F) is an equivalence of
categories,

> a fibration if and only if the map F, : A(x,y) — A'(F(x),F(y)) is a degreewise
surjection for every (x,v) € X? and the functor Hy(F) is an isofibration.

Theorem 10 — There does not exist a model structure on the category of curved conilpo-
tent cocategories such that the functor (), preserves cofibrations and weak equivalences
(and so is a left Quillen functor).

Proof (Proof). Let I be the curved conilpotent cocategory with one object 0 and such
that I(0;0) := 0. Then Q,(I) is the dg category I,. Let ] be the dg category with two
objects 0 and 1 and such that

J(i,j)=K,Vi,je{0,1},

with obvious units and composition. It is clear that the functor | — I given by the
identity of IK is an acyclic fibration of dg categories. If such a model structure exists
on the category of curved conilpotent cocategories, then the morphism

Bc] XBcIO I -1
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is an acyclic fibration and the morphism Q,(B.J xp 1, [) — Q,I = I is a weak
equivalence of dg categories. By Lemma 19, Q,(B.J xp 1, I) = Ij0,1)- Since the
morphism Iy 1} — Iy is not a weak equivalence, such a model structure does not
exist. O

Lemma 19 — The pullback B.] xp 1, I of the proof of Theorem 10 is the cocategory with
two objects 0 and 1 and such that

B.] X1, 1(i,) =0, ¥(i,j) € {0,1}>.

Proof (Proof). 1t is clear that B.] xp 1, I is the biggest sub cocategory of B.] whose
image in B.I is in the image of I. Thus F{”d(BE] xg,1, I) lies inside F{“dBC] and its
image in Bl is zero. So, a straightforward checking shows that F{“d(BC] xg,1, I) is
zero and hence B.J xp 1, [ is as described in the lemma. O

Acknowledgments

This article is the third part of my PhD thesis. I would like to thank my advisor
Bruno Vallette for his precious advice and careful review of this paper. I also would
like to thank Damien Calaque and Kathryn Hess for reviewing my thesis. Also, the
Laboratory J.A. Dieudonné in the University of Nice provided excellent working
conditions. Finally, I was supported by the ANR SAT until September 2016 and
then by NWO.

References

Adamek, J. and J. Rosicky (1994). Locally presentable and accessible categories. 189.
London Mathematical Society Lecture Note Series. Cambridge University Press,
Cambridge, pp. xiv+316 (cit. on p. 31).

Aubry, M. and D. Chataur (2003). “Cooperads and coalgebras as closed model
categories”. J. Pure Appl. Algebra 180 (1-2), pp. 1-23 (cit. on p. 31).

Berger, C. and I. Moerdijk (2003). “Axiomatic homotopy theory for operads”. Com-
ment. Math. Helv. 78 (4), pp- 805-831 (cit. on pp. 19, 69).

Fresse, B. (2009). “Operadic cobar constructions, cylinder objects and homotopy
morphisms of algebras over operads”. In: Alpine perspectives on algebraic topology.
Vol. 504. Contemp. Math. Providence, RI: Amer. Math. Soc., pp. 125-188 (cit. on
p- 69).

Getzler, E. and J. D. S. Jones (1994). “Operads, homotopy algebra and iterated
integrals for double loop spaces”. hep-th/9403055 (cit. on p. 20).

Hinich, V. (1997). “Homological algebra of homotopy algebras”. Comm. Algebra
25(10), pp. 3291-3323 (cit. on pp. 19, 37, 38).

73



Algebraic operads up to homotopy B. Le Grignou

Hinich, V. (2001). “DG coalgebras as formal stacks”. J. Pure Appl. Algebra 162 (2-3),
pp- 209-250 (cit. on pp. 40, 48).

Hirsh, J. and J. Millés (2012). “Curved Koszul duality theory”. Math. Ann. 354 (4),
pp- 1465-1520 (cit. on pp. 36, 37).

Hovey, M. (1999). Model categories. 63. Mathematical Surveys and Monographs.
Providence, RI: American Mathematical Society, pp. xii+209 (cit. on pp. 37, 38).

Le Grignou, B. (2019). “Homotopy theory of unital algebras”. Algebraic and Geometric
Topology (cit. on pp. 20-22, 30, 32, 35, 36, 42, 52, 64-66, 71, 72).

Lefevre-Hasegawa, K. (2003). “Sur les A-infini catégories”. PhD thesis. Université
Paris 7 Denis Diderot (cit. on pp. 20, 40, 53).

Livernet, M. (2015). “Non-formality of the Swiss-cheese operad”. | Topology 8 (4),
pp. 1156-1166 (cit. on p. 60).

Loday, J.-L. and B. Vallette (2012). Algebraic operads. 346. Grundlehren der Mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences].
Berlin: Springer-Verlag, pp. xviii+512 (cit. on pp. 22, 27, 29, 30, 52, 64, 69).

Mac Lane, S. (1995). Homology. Classics in Mathematics. Reprint of the 1975 edition.
Berlin: Springer-Verlag, pp. x+422 (cit. on p. 42).

Merkulov, S. and B. Vallette (2009). “Deformation theory of representations of
prop(erad)s. I”. J. Reine Angew. Math. 634, pp. 51-106. 1ssn: 0075-4102 (cit. on
p- 38).

Positselski, L. (2011). “Two kinds of derived categories, Koszul duality, and comod-
ule contramodule correspondence”. Mem. Amer. Math. Soc. 212 (996), pp. vi+133
(cit. on pp. 20, 40).

Spitzweck, M. (2001). “Operads, Algebras and Modules in General Model Cate-
gories”. arXiv.org:math/0101102 (cit. on p. 19).

Tabuada, G. (2005). “Une structure de catégorie de modeles de Quillen sur la
catégorie des dg-catégories.” C. R. Math. Acad. Sci. Paris 340 (1), pp. 15-19 (cit.
on p.72).

Vallette, B. (2020). “Homotopy theory of homotopy algebras”. Annales de I’Institut
Fourier 70, pp. 683-738 (cit. on p. 40).

74



Contents

Contents

Introduction
Layout

Preliminaries . . . . . . ... ... ... .. ... .
1  Operadsand cooperads . . . . .. ... ... ... ..........
1.1  Symmetric modules, operads and cooperads . . . . ... ..
1.2 Thetreemodule . . . . ... ... ... ...... . ...
1.3 Conilpotent cooperads . . . ... ... ... .. ......
1.4  Presentability . ... ... ... ... ... .. ... .. .. ..
1.5  Product of two coaugmented cooperads . . .. ... . ...
1.6 Bar-cobar adjunction . . . .. ... ... oL
1.7  Truncated bar construction. . . . . . ... ... .......
2 Model structureonoperads . . . . ... ... ...
2.1 Model structure on S-modules . . . .. ... ... ... ..
2.2 Model structureonoperads . . . .. ... ..........
2.3  Cofibrationsof operads . . . . . ... ... ... .......
2.4  Enrichment in simplicial sets . . ... ... ... ......
3 Model structure on curved conilpotent cooperads . . . . . ... ..
3.1 Statement of theresult . . .. ... ... .. ... ... ..
3.2 Cofibrations . . ... ... .. ... . L L oL
3.3 Weak equivalences and filtered quasi-isomorphisms . . . .
3.4  Bar-cobar and cobar-bar resolutions . . . . .. ... ... ..
3.5 Keylemma . . . ... ... ... ... .. .......
3.6  Proofof Theorem5 . . ... ... ... ... .........
3.7 Fibrations . .. ... .... ... ... . .. 00 ..
4  Curved conilpotent cooperads as models for homotopy operads . .
4.1 Homotopyoperads . . ... ..................
4.2 Obstruction theory of homotopy operads . . . . . ... ..
4.3 Fibrant curved conilpotent cooperads . . . . ... ... ..
4.4  Homotopy transfer theorem . .. ... ............
4.5 Pathobject . . . . . ... ... . .. ..
4.6 Strict unital homotopy operads . . . ... ... ... ... ..
5  Application to algebras over an operad and infinity-morphisms . .
5.1  Algebras over an operad, coalgebras over a cooperad. . . . .
5.2  Infinity-morphisms of algebras . . . . ... ... ... ...

5.3  Infinity-morphisms of algebras in terms of morphisms of

homotopy operads . . . . ... .. ... ... ... ...

5.4  Homotopy transfer theorem for algebras over an operad . .
Appendix A: Colored bar-cobar adjunction . . . . ... ... .......
Acknowledgments . . . . ... ... Lo Lo

References

19
21
21
22
22
24
30
31
32
35
36
37
37
38
38
39
40
40
40
42
43
46
48
50
51
51
53
56
58
61
63
64
64
66

67
69
70
73
73



Algebraic operads up to homotopy B. Le Grignou

Contents . . . . . . . . e e i

ii



	Introduction
	Layout
	Preliminaries

	1 Operads and cooperads
	1.1 Symmetric modules, operads and cooperads
	1.2 The tree module
	1.3 Conilpotent cooperads
	1.4 Presentability
	1.5 Product of two coaugmented cooperads
	1.6 Bar-cobar adjunction
	1.7 Truncated bar construction

	2 Model structure on operads
	2.1 Model structure on S-modules
	2.2 Model structure on operads
	2.3 Cofibrations of operads
	2.4 Enrichment in simplicial sets

	3 Model structure on curved conilpotent cooperads
	3.1 Statement of the result
	3.2 Cofibrations
	3.3 Weak equivalences and filtered quasi-isomorphisms
	3.4 Bar-cobar and cobar-bar resolutions
	3.5 Key lemma
	3.6 Proof of Theorem 5
	3.7 Fibrations

	4 Curved conilpotent cooperads as models for homotopy operads
	4.1 Homotopy operads
	4.2 Obstruction theory of homotopy operads
	4.3 Fibrant curved conilpotent cooperads
	4.4 Homotopy transfer theorem
	4.5 Path object
	4.6 Strict unital homotopy operads

	5 Application to algebras over an operad and infinity-morphisms
	5.1 Algebras over an operad, coalgebras over a cooperad.
	5.2 Infinity-morphisms of algebras
	5.3 Infinity-morphisms of algebras in terms of morphisms of homotopy operads
	5.4 Homotopy transfer theorem for algebras over an operad

	Appendix A: Colored bar-cobar adjunction
	Acknowledgments
	References
	Contents

