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Abstract

In this paper, we study the Cauchy problem of Boltzmann equation with
soft potential in modulation spaces. Our aim is to obtain the global existence
of solution to the space-homogeneous Boltzmann equation. To realize this goal,
the boundedness of Boltzmann operator in modulation space is established. In
addition, Banach fixed-point theorem is applied with careful estimate of time
integral for the contraction mapping.
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1 Introduction

In last decades, the study of kinetic models for granular flow? attracted many math-
ematicians. Depending on the external conditions (geometry, gravity, interactions
with surface of a vessel), granular system may be in a variety of regimes, displaying
typical features of solids, liquids or gases and also producing quite surprising ef-
fects®. In the case of rapid, dilute flows, the binary collisions between particles may
be considered the main mechanism of inter-practice interactions in the system. In
this paper, we study a model in the space homogeneous regime, described by the
following equation:

of =Af =Q(f, f)v,t), veR", t>0, 1)
f(,0)=fo(v),
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3Cercignani, 1995, “Recent developments in the mechanics of granular materials”;
Jenkins, 1998, “Kinetic theory for nearly elastic spheres”.
4Umbanhowar, Melo, and Swinney, 1996, “Localized excitations in a vertically vibrated granular
layer”.
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where f is the distribution function of particle, depending only on the microscopic
velocity v and time ¢, and Q(f, f) the Boltzmann operator is defined in section 1.2.

Gamba, Panferov, and Villani® studied Boltzmann equation with hard sphere
case for (1) and obtained solution in L%(IR") NL LogL(IR") space, where the spaces
are defined as below:

L;(Hz"):{f )P dv<oo}
and
L LogL(R") = j flogfdv<oo}

For the solutions near Maxwellian in the L2-framework, Caflisch® studied the
spatially-dependent nonlinear Boltzmann equation for soft potential case. More
precisely, Caflisch obtained solution in 7, which is defined by

:{f: Iflle = supe‘)‘Iél Z(J- V3 f(x, é)lzdx) <oo}

where f is periodic in spatial variable x € T3 = (R/2rZ)3,& € R3 is microscopic
velocity.

Duan and Yu” studied the relativistic Boltzmann equation for soft potential in
weighted HN Sobolev spaces. One could refer to Ukai and Asano (1982) and Yang
and Yu (2016) for more detail about soft potential near Maxwellian.

Now we turn to review some results for the partial differential equations in
modulation spaces. There are many mathematicians working on this research area
extensively for decades. For instance, Wang, Han, and Huang (2009) investigated
the global well-posedness and scattering for the derivative nonlinear Schréodinger

equation with small rough data in modulation spaces M2 1- Also, Wang and Huang
(2007) studied the Cauchy problems for the generalized BO, KDV and NLS equations
and obtained the global well-posedness of solution with small rough data in certain
modulation spaces. For the nonlinear heat equation and Navier-Stokes equation,
Iwabuchi® obtained solutions in modulation spaces with negative derivative indices.
For more about the study of partial differential equations in modulation spaces, see
Baoxiang, Lifeng, and Boling (2006) and Wang, Huo, et al. (2011) and the references
therein.

5Gamba, Panferov, and Villani, 2004, “On the Boltzmann equation for diffusively excited granular
media”.

6Caflisch, 1980, “The Boltzmann equation with a soft potential”.

7Duan and Yu, 2017, “The relativistic Boltzmann equation for soft potentials”.

8Iwabuchi, 2010, “Navier-Stokes equations and nonlinear heat equations in modulation spaces with
negative derivative indices”.
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However, there are few literature studying on Boltzmann equation in modulation
spaces. In this paper, we try to make an effort to step forward in this direction.
Compared with the above literature, which worked on Boltzmann equation in
Sobolev spaces near Maxwellian, while our interest focus on the homogenous
Boltzmann equation with soft potential, and the Cauchy problems with initial data
near vacuum in modulation space.

Our strategy is to apply the Banach fixed-point theorem on W(f) which is defined
by

W)t = e fo + J;t TINQf, fdr.

To do so, we need to prove W(f) is a contraction mapping. Firstly, the boundedness
of W in modulation space is one of major parts to prove the contraction. In turn,
the boundedness of Boltzmann operator in modulation space becomes fundamen-
tally important. Actually, we establish our own estimates of Boltzmann operator
which are off-diagonal estimates, i.e. LP-L7 and [°-1", whose proofs are shown in
Proposition 3. With this in hand, we make great effort to compute the time integral
estimate, see (44) and (61), which leads to the boundeness of W in modulation space
globally in time.
We firstly set our notations and definitions.

1.1 General notations and definitions

* Given f € & Schwartz class, its Fourier transform % f = f is defined by
f©= [ e
Rll

and its inverse Fourier transform is defined by & ! f(x) = f(~x).

==

WAty = (fo F1Px)"

1
ot =( 2 lb) Rk = maxlei € = (10 ) € R
jez"

* Let A>0,B>0, A< B means there exists a positive constant ¢ independent of
the main parameters such that A <c¢B. A~ Bmeans A < Band B < A.
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1.2 Definitions of Q(g, f) (see Gamba, Panferov, and Villani (2004)
and Glassey (1996))

In this part, we introduce the definition of Boltzmann operator which takes the
form:

Qe 0= [ | s, t)ﬁb(v ~u,0)dody,

1
j fw,t)g(v.,t o ———b(v-v,,0)dodv, (2)
n Jgn-1 -V,

Q (g v, t)-Q (g fv, 1),

where

, v+v*+|v—v*| , v+v, |[v—v,
vV=r-—4+— 0, V.=————0
2 2 o 2 2 ’

d
and -1<y<mn, b(u,o) gf b(ﬁ ~0), let cos O = ﬁ -0, assume 0 < b(cosO) < c|cos 0|
(angular cutoff), c is a generic constant. Note JS'H b(v-v,0)do ~1.

* We call Q*(g, f) the gain term and Q7 (g, f) the loss term separately.

* Q*(g, f) has another expression:

(whwn= [ et o= b oldodu,

where u’ = |ulo.
« Also, Q (g, )~ f (g% ).

* Usually, we call it hard potential if y € [-1, 0], especially, when y = —1, we call
it hard sphere case; and soft potential if y € (0,n), which is the case we are
going to focus on in this paper.

For more information about Boltzmann operator, see Chen and He (2019) , Duan
and Yu (2017), He, Chen, Fang, et al. (2021a) , Ukai and Asano (1982), and Yang
and Yu (2016) .

1.3 Definition of modulation space

Let us recall the definition of modulation spaces M;,rq(IR”)9 .

9Wang, Huo, et al., 2011, Harmonic analysis method for nonlinear evolution equations, I.
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Let p € (R") which is Schwartz space, p : R" — [0,1] be a smooth function
verifying p(&) =1 for ||, < 1/2 and p(&) = 0 for ||, > 1. Let py be the translation
of p,

pr(&) =p(E-k), keZ", (3)
Denote
e =ple) Y pu®) s kez (4)
kez"
and
Oy :=F ‘onF, kez", (5)

The operators {00 }xezn are said to be frequency-uniform decomposition operators.
For k € Z", we denote |k| = |ky|+ -+ |k,|, (k) = 1 + |k|.
Let —0co <5 < 00,0 < p,g < o0, we define

M; (R") = {f e S (R"): |If g, < oo}, (6)
s q Va
Wlg, = ( ) oFoes1h) )
kez"

M, ,(R") is said to be the modulation space. In this paper, we consider only Mg’q(IR”)
type space.

Now we introduce other notations and assumptions which will be used in our
proof of main theorem before we narrate it.
Denote

N | =

[N
==

1 1
_E)' B=:

n
° a::_(_
2y

Iflly = sup 1If (#)llagg, (-

te[0,00)

* Ifliz,, = sup t*(L+ P Nf (Dllpo, rny-

t€[0,00)

Wl = sup I (g, g+ sup 201+ D F (Ol o
te[0,00) ’ te[0,00) ’

Le, [Ifllx =Iflly +llfllz,,-
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We also need to make the following assumptions.
Assumption: Let 0 < a < %,ﬁ >1,n>3,0<y<nl<p<rl<v<o,and there exist
(p1,p2,9, P, 7, V) such that

<

oot = P>l

= SRR <P <ty ®
q’Zr,%+%=1,

1<7<p<r<oo,

and

l<v<o<V<oo,

1 2

z==-1,

v v

nl 1 (9)
5(;-7)+20€S1,

ti-Lyt+ac<i

Remark 1 - It is not hard to see that the indices set satisfying (8) and (9) is
nonempty. For instance, one can take
19 1 38 3 16
)y A,0, 0, =(1 [ Renpy Ry Rl i
.y a0 rv) =15 516352 15)
and

o 85 8
(pl;pZ;q;p;r;V)—(zr 2 1375) 417)~

Now we are in the position to state the main theorem.

Theorem 1 — Under the above assumption, there exists sufficiently small 6 > 0 such that
for any fo with ||f0||MgJ(]R,,) <9, (1) possesses a unique global solution in X, where

X = {f € C([O,oo),Mg’a(IR”) Ifllx < ¢16, for some constant cl.}

Remark 2 - Compared with Iwabuchi (2010) , the nonlinear term Q(f,g) in this
paper, which represents the phenomenon of collision of microscopic particles and
has applications in statistical background, is quite different from the one in Iwabuchi
(2010) . Besides, the estimate of the nonlinear term Q(f,g) is more complicated
than the one in Iwabuchi (2010) .
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2 Some lemmas

In this section, we would like to cite some useful lemmas. The first one is about the
properties of ' in modulation spaces.

Lemma 1 - (Iwabuchi (2010)) Let 1 < g,t,0,v < co,s € R.
(i) If q > r, there exists a constant ¢ > 0 such that

_nel_1
e Fllagg,, < c(1+6) 20| fllygs, (10)
(ii) If 0 < v, there exists a constant ¢ > 0 such that
_nel 1
e Fllygg, < e(1+ 172 ) fllygo - (11)

Also, the following property for modulation space is useful.

Lemma 2 - (Wang, Huo, et al. (2011)) There exists a constant ¢ > 0 which is indepen-
dent of p,q, such that

1Bk flls < cllTflle, 1<p<q<eo (12)

Remark 3 — Comparing with the counterpat in Besov space,

k(L-1
1Ak flle < C2"™ P AL fllr, 1<p<q<oo, (13)

we see that the operator Ay (see Bergh and Lofstrom (2012) , He and Chen (2021),
He, Chen, Fang, et al. (2021b)) results in the increase of the derivative, i.e. we need
higher order derivative to control L. However, for the operator 0Oy, we do not need
higher order derivative to control higher integral index which is an advantage in
modulation space.

Finally, we need the following notations and property of S.[i] which will be used
in the estimate of the gain term Q*(g, f) in modulation space.

Denote
Sl = | p0bwo)do, u=v-v, v'= v Z”* U _zv*la, (14)
and
Splvn)= | pwtnoldo, (15)

then we have the following boundedness estimate of S, in Lebesgue spaces.
Lemma 3 - (Gamba, Panferov, and Villani (2004)) The operators

St LYR") — L(RI, LY(RY)),

S_: LYR")— L®(R},LI(RY ),

are bounded for every 1 < g < co.
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3 Estimate of Boltzmann operator in modulation
spaces

In this section, we would like to establish estimates of Boltzmann operator with soft
potential in modulation spaces. We will split the procedure into two parts which
are the estimate of gain term Q*(g, /) and the estimate of the loss term Q™ (g, f).

3.1 Estimate of the gain term Q*(g, f)

To estimate the gain term, we will prove the off-diagonal estimates LP-L7 and 1°-1",
which are very useful to deal with the nonlinear term estimate in section 4.

Lemma4 - For 1 <p< .= p ,1 <p<oo, p+p = 1,%+%: 1, we have the following
estimate for the gain term Q*(g, f)

KQ™ (g £) ) < llglla - I1f les - NPl (16)
ie.

1Q%(g, e s lIgllza - fllzes- (17)

Proof. By the definitions of Q*(g, f) and S,[W], following Gamba, Panferov, and
Villani (2004) ( see (4.2) in page 519), we can write the dual form as below:

KQ* (g, f) )l = IR Q" (s, f)pee]

r 1 ,
- jg*f(v)g(v*)— ‘LH Pp)b(v-v,0)dodvdv,| (18)

JRY |v—v*|7

r

| S0 [, S0 I+ S Wl dvin

JRY

In order to get an estimate of [(Q"(g, f), )|, we only need to estimate the term
associated with S, [¢](v,v,) which satisfies

Jn J” Iv v*l?’s W), v)dvdv,

(v)
< d N » Vi
NJ , S i N P

(19)

(v)

< L (e o PR
f(v)

sliglly 1o Ml
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where we applied Holder’s inequality in v with % + I% =1 and v, with % + % =1

separately in the second line and the last line, we also applied Lemma 3 with

117 + [% =1 in the third line.

We now continue to estimate the term

f) ”
o7 .
[v=v.| LZ*L’Z

b4\l
L1y gy \Jwy [0 —vlP?

by Lemma 5, let i1 = |f|P, we have

Rewrite

“ f@)

|v—v*|7

Iahi| 4 < |Iklls, (21)
Ly,

p_1 n-py
where TTF T
Thus,

f(@) o7 _ )

Iz s o <P =15 (22)

then the desired result is immediate. O

Remark 4 — We imposed the conditions on the indices in Lemma 4 as follows:

(23)
n
< py

which implies % >pSq>pp>p.
For the gain term Q*(g, f), we also have the following estimate in the modulation
context.

_2

Proposition 1 - With the same assumption as in Lemma 4, and additionally, % =5-1,
then

1Q (8, Fllgg, < lghues, - fllgs (24)

Proof. Note by the duality property for modulation space!?,

107 g, = sup_ Qg

<1
Wlhyo, <
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we have

KQ* (g f) ¥
=YY (@Q (e ) o)

keZ" ||, <1

s Z Z Z Z |<DkQ+(Dingjf)er+l¢>|'1|k—i—j|5k0(n)

keZ|l|,<1i€Z" jeZ"

(25)

< Z Z Z Z|<Q+(Dig":'jf)rukuk+lﬁb>|'1|k—i—j|5k0(n);
keZ" |l|<1i€Z" jeZ"

where we have used a fact: when |k —i —j| > kq(n), where ky(n) depends only on
dimension n, we have 0; Q*(0;¢,0; f) = 0, due to

0: Q" (T;g, T f)

u +u 1

:J- ” J;,l_l Ok f (v + %) ‘migw-——)I" Wb(u,a)dadu,

v and u’ =|ulo.

where O, 0;, 0; are all about v variable, i.e. DZ, mp o’

Applying Lemma 4 yields that
KQ* (g, ) )l

27
< Z Z Z”Dig”m’ N0 fllees - 10kl e - =iz ji<k(n)- (27)

keZ"ieZ" jeZ"

Let |0kl =t i IO flIpos =2 b, IO gll 0 =t ai)
then

D)) kb Niiskn
kez"ieZ" jezZ"

1
v 28
SICk|za'( Z(Z Zai’bj : 1|k—i—j|sk0(n))a) (28)
kez" ieZ" jeZ"
Sleklyer - laily - 1bjl,

where we applied Holder’s inequality with % + % =1 in the second line and Young’s
inequality with % = % — 1 in the third line separately.
Thus,

KQ™ (g f) ) < llaso, |, Ngllgg, - fllagg, (29)

10
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i.e.,

1Q7(8, llgg, < IIgIIMg,V Wfllagg - (30)

3.2 Estimate of the loss term Q (g, f)

Let us turn to estimate the loss term Q7 (g, f) = f - (g% W). The estimate of the loss
term is straightforward. We mainly make use of the product formula and Young’s
inequality. In addition, the property of Riesz potential is exploited as well.

Proposition 2 — prl1 + p% = l,p% + % < %,é = %— 1L,p,p1,p2,r>1,0<y <mn, then
the following inequality holds:
1Q(5 Nllgg, < Iflgs |, llglgo,- (31)

Proof. First of all,

12k Q7 (8, )l
Jets (g

P
1
Mo — 32
<Y |p@ir-@se o, (32)
i,jeZ"
1
s Z 10 flle - ||ng* W' w2 Vlk=iji<ko(n)
i,jeZ"
1,1 _1
where ot f_ o
Note p% + HT < %, then by Lemma 5 and Lemma 2, we get
156Q (& Allr < ) 1 fllos -1l - Uiy (33)

i,jeZ"

Denote a; =:||0; f|ze1, bj =: IO gllr, ¢; =: 'ezz" bj - Lji—jl<ko(n)»
j

10Wang and Huang, 2007, “Frequency-uniform decomposition method for the generalized BO, KdV
and NLS equations”.

11
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then it follows that

Q=

Z( Z a;-b;- 1|k7i—j|§k0(n))g)

kezZ" i,jeZ"
1
s( Z(Z i - Z bj- lli—jlsko(n))g) (34)
kez" ieZ" jez"

<Hai}* {cillio
<lailpleilpys
2

1 _
where s=2-1L
Thus,

107 (80 gy, < F gy, ~glugp,- (35)
O

Combining Lemma 2, Proposition 1 and Proposition 2 leads to the following key
proposition.

Proposition 3 — Assumep >1,p, > l,pil+pL2 = %,%+% =1,99,p1,prp>1,0<y<

n and
L < hprzr>1,
Z_;:%_n—'fﬂ’, 1<p<nj;7/, pr=r, (36)
q >,
1_ % -1,
then we have
1Q(8, gy, < Nglhyss, - 11F o, (37)
In particular,
QU g, S IFI0 (38)

4 Global existence

With the boundedness of Boltzmann operator with soft potential in modulation
space, we are ready to prove the global existence of (1). In this process, we adopt

12
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Banach fixed-point theorem!! . Concretely, we will show W(f) is a contraction
mapping, and off-diagonal estimates of Boltzmann operator in Proposition 3 come
into play when dealing with the nonlinear Boltzmann term, see (40). Besides, the
time integral is carefully calculated to prove the boundedness of W globally in time.

Proof. Inspired by Iwabuchi (2010) , we consider the solution in the following
integral form:
t

W(F)(r) = Dy +j TN, Fd.

0
We are going to show

19l < Wfollug, ey + 113 (39)

Firstly, we would like to estimate ||\W(f)||y.
Estimate ||V (f)||y.

Let v satisfy % = % —1. Applying Lemma 1, we have
% (Hlly
t (t-1)A
ol e+ 5p | 140U Pl e
folluag, e +sup | (F> Pl ey (40)
t
1 1
S||fo||Mgo(1Rn)+SuPJ. (14— ) QU Pl gy
' >0 Jo (t—1)2(57%) (1+t_T)2(r‘ ) .
where %—%>O,i.e., 1<0 <7, and %—11—7>0,i.e., 1 <f<p,% :%—1.

Applying Proposition 3 with 7,7, i.e., 7, ¥ play the same role as p, o accordingly in
Proposition 3, we get

1QUF, Fllgg, SIFIR0 . (41)

where the indices satisfy the assumptions as below:

1 n- 1

ot S

1 1 1

T T pr=2r>1,

7 1 n-ytr .. ~

%:!—7— n)/’ pr>r, 1<p n—nyr"’ (42)
'>r, Lyl o

q=zr, q+q ,

1_2

7=y~ L

W Brezis, 2011, Functional analysis, Sobolev spaces and partial differential equations.

13
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where the intermediate indices (p1, py, 4, p) are defined in section 3.
Combining (40) and (41) yields that

I (HIly
t
1 1
Mol ey +5p [ (14— IO T
’ t>0 JO (t—T)Z(fT v) (1+t_ )Z(r P
ol e B, sup [ (14— ) —— L
~11J0 0 n : n n — :
Mp.o(R") #1756 Jo (t—1)5G7) (1+t-1 )7(%—%) 724 (1 4 7)2(F-a)
(43)
Before we proceed we need the following claim.
Claim 1: If 7 (———)+2a<1 and B > 1, then
! 1 1 1 1
supf (1+ — ) T 5 dt < oo. (44)
>0 Jo (t-1)3G ) (14 1) 3G9 T (14 7) (B-a)

Remark 5 — Since % - % >0, we havein fact 0 < a < %

Proof of Claim 1. Note that we can rewrite the integral term in (44) as the sum of
the following four terms:

! 1 1 1 1
. n(1I_ 1)’ w(1_L) 2o 2 w)dT
§ (=13 (1at—r)2e) T (147 (45)

=N+ +]3+]s

14
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Case 1: 0 <t <100. :
For J;, note that (1 +7)"2F~%) <1,(1+¢— )_7(?_17) <1, we get

1-2a |t
< _ﬂ(l_l) T 3 (46)
~ 1-2alo
<t 553120
<1,

since 2(l——)+2a <1

For J,, similarly, using the fact (1 +7)726~%) < 1,(1+t— )_7(7_5) < 1, we have

since 1-4(1-1)-2a>0,0<t<100.

For J3, again note (1 + 7)™ 2% < 1,(1+t—1) 2

I
]3SJ 1- T ldrt
0

T172

S
1-2alo
~t1—2a

1
(77) < 1, it follows that

<1,

~

sincel —2a >0,i.e., a<
nel

For Jy, note 1 —2a > 2(L = 1)>0,(1+7) 260 < 1,(1+t-1) 2777 <1,
then we have

Jas ﬂ—adT

»—\ N~

—2a

1—2a

2
Stl —2a
<lI.

15
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Case 2: £ > 100.
For ], note when 0 <7< %, wehave 1+f—-7>1+%> %(1+t), t-t>41> }—1(1+t),it
follows that

fz : ! ! ! dt
0 (t-7)8G ) (141 g) P T (L4 0)2Pe)

For the integral term in the second line of (50), we have

t

Jz 1 1 gt
o T2 (1+1)2-2)

L 1 i 1 (51)
= 2a° 2(p— )dT+ 2a ( )dT
0 A (1rpa ) T (e

=] +J1.

For | 11, we have

Jis f —d’l’

12a

1—211
<1,

where we used the fact 1 —2a >0, i.e., a < %
For | 12, we have

t

21 1
2 sL o b
Jis . Tza(1+~wzm‘a)dT

t

jld
< | —==dr
NL w2f
“1-28h

1-28
~1_(£)
2

<1

~ Ly

16
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where we used the fact 1 =28 <0, i.e., > 1.

nel_1
For J,, agian using the fact that (1 + ¢ - T)_f(?_ﬁ) < 1, we have

t
1
]2 St_za . (1 + t)_z(/j_a)f ﬁd’[
TR et
5o
gt‘zﬁj dt 54
0 3ED 54
St_2ﬁ+1_%(%_lﬁ)

<L

since 1 - (1 -1)-2p<0and t> 100.
—ml_1

For J3, similarly, note (1 +t—1) 2'7 7’ <1, we get
11 1
< —_ —dt < 1. 55
A e = L (5

For J4, note when

t 1.1
S <T<h(1+i-1) 275 <1, (1 + 1) 2B~0) < (1 4 £)72B-0) =20 _ 420

then it follows that

Ju <2020, %

126 (56)
<1,
since f> % and t > 100.

Collecting all the above estimates involving J; to J4, Claim 1 is immediate.
Consequently,

W (Ally < Wfollugg, +1IF1Z,, (57)

Now we turn to estimate the other term related to Z, ,,.
Estimate of [[\V(f)llz, .
On the one hand , by Lemma 1, we have

1 1

tA a p-a a
e < sup tY(1+t 1+-)% —— n S ny, (58
e ollz,, 5 sup €017 (10 0" g folhag e S Wfolhg, ey (59

17
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where 1 <p<r,and 1 <v <o.

On the other hand, for the integral term, note % - % >0, % - % > 0, we have

[ eais. e

Zry

n w1 1 ”Q(f’f)”MQ_(]R")dT
>0 t—1)2 1+t-1)2G7) v

| (59)
ssupta(1+t)ﬁ_aJ; (1+( 1(,1,11;))( :

Note by Proposition 3, see also (41), assume (42), we get

1 2
e

which implies that

[ etaus paae

Z?’,V
t
1 1 1 1
<lIfl3 su t"‘1+tﬁ_aj (1+ ) — dt
”f”Z” t>(1;) ( ) 0 (t—r)%(%‘%) (1+t_~5)%(%—%) 720 (1 4 7)2F-a)
(60)
Now we need another claim.
Claim 2: If g(%—%)+a <l,v<9¥,f<rand f >1, then
! 1 1 1 1
Supta(l"'t)ﬁaj (1+ w11 ) nl_1) .2 2 dt <oo. (61)
>0 o\ (t-1) G (14 t—1)3G0) T (14 1)2Ee)
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Proof of Claim 2. Note that we can rewrite the integral term in (61) as

t
1 1 1 1
ta(1+t)ﬁ—af (1+ —— ) T T dt
0 (t—1) 2691+t —1)2G—0) T2 (1 +7)2~)
t
2 1 1 1 1
—t“(1+t)ﬁ“f — T ——drt
0 (t-=1)267F) (1+t-1)2F7) T (1 +7) (B-a)
t
1 1 1 1
+19(1+ )P “J- — - - T
(=)D (1t —7)2G7) T4 (14 1)2 o)
> 1 1 1
+ta(1+t)ﬁ aJ- T 1. 7a dt
0 (L+t- 0 T (L))
! 1 1 1
+ta(1+t)ﬁ_aJ- T 1 2a 23 )d’l'
S (L+t-7)3G7) T (14 7)2Fe

=Js+]Jo+]7 +]s.

Case 1: 0<t<100.
For J5, note

. . 1
since 1 -2a >0,ie,a<zand 1-a-75(; -3
For J¢, note

1+ 20 <1, (14t-7) 3G P <1,(1 40 <1,
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we have

LA
St_af — a4t
0o r2(+-%)

since %(%—%)+a <1,0<t<100,1i.e.,

J. Chen and C. He

t
1 1 1 1
ta(1+t)ﬁaj nyl 1 nel 1 2
§(t-1) 3V (14t —) 367 T (14 7)2F)

1
r

For J;, by the fact that (1 +1¢ - T)‘%(%") < 1, we have

t

b
hst"‘-l-f —dr sttt g,
0o T

since a < 1. .
For Jg, note (1 +7)72F~%) < 1,(1+t-1)72(777) < 1, we get

t
]3$ta~1‘t2a.[\ dT$t17a$1,

2

since 1 —a > 0.
Case 2: £ >100.
For J5, note when 0 <7 < %,

t

l+t—-1t>21+=-2>

it follows that

20

(64)
dr<1. (65)
(66)
(67)

dt
(68)
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whereﬁ—%(%—%)—%(%—%)so,since1<f<p<r.

For J¢, we have

t
P14 55D !
Jo S(L+8)P(1+1)"2 L ( )2ﬁdr

1+7
<(L+1)B(1+4)2G7)2641 (69)
<t17F-5G-9)
<1,

where 1 - ﬁ—g(l—é)so.

For J;,note 1 +t—7 > 5 (1 +t), we have
L <(+nfaeniG-0 <, (70)

whereﬁ——(%——)<0 since l <7<p<r.

For Jg, note that (1 +t—1 )*ﬂ(’") <1, we get
Jo <(1+ )Pt 28+ < t17P <1, (71)
where > 1.

Collecting all the above estimates involving J5 to Jg, Claim 2 is immediate.
Consequently,

W (Alz,,, < Wfollagg, +IFIZ, - (72)

Combining (57) and (72), and recalling that [|f||lx = [|fllx +[|fllz, ,, the desired
result (39) follows immediately. '

With the boundedness of estimates obtained so far, finally we arrive at proving
W(f)is a contraction mapping.
Note

Qf, f)-Q(g:8)=Q(f, f-8)+Q(f -8 8)

we have

t
W(f)-W(g) = fo TINQUF, f - g)+ QUf - g gt

Similar to (43) and (60), recalling Claim 1 and Claim 2, we get

() - W@lly < (fllz,, +lgllz,, ) If - glz,,. (73)
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and
() -, < (117, +Nellz,, ) If - glz,,. (74)

Note by (39), if ||f|lx < ¢16, for some constant c;, we have

IO < e(folg, + 115 )

<c(6+(c10)?) (75)
SC] 6
Thus, as long as ¢(1 +¢;0) < ¢y, i.e., ¢ > 15, 0 is small enough, we have
1 .
IW(f)-W(g)llx < E”f —gllx, if 6 is sufficently small. (76)

Consequently, the contraction mapping principle!? could be applied and the proof
of the main theorem is complete. O

5 Appendix

For the completeness, we give the classcial results about the estimate of the Riesz
potential.

For 0 < a < n, we let I, be the Riesz potential operator defined for locally
integrable functions by

L= [ o

Lemma 5 — Stein (2016) Assume 1 <p < g,f € LP(R"), then

o fllzagrny < W fllerms (77)
where
11
L (78)
q p n
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