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Abstract

We study composition operators acting between A,-spaces in the unit ball
in C". We obtain characterizations of the boundedness and compactness of
Cp: Np — Ny for p,q> 0.
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1 Introduction

Let B be the open unit ball in C". The space O(B) consists of all holomorphic
functions in B. For any holomorphic self-mapping ¢ of the unit ball B, the linear
operator C,: O(B) — O(B) defined by

Co(f)=feop, feO(B)

is called the composition operator with symbol ¢. We are often interested in the
study of C, acting between Banach spaces contained in O(B).

Composition operators on spaces of holomorphic functions in the unit disk
ID and the unit ball B such as the Hardy, Bergman, Bloch spaces, just to name a
few, have been studied intensively in many settings. We refer the reader to the
monographs of Cowen and MacCluer* and Shapiro® for detailed information. In
this paper we would like to investigate composition operators acting on a different
class of Banach spaces, the V,-spaces.

1Department of Mathematics, University of Wisconsin, Madison, WI 53706-1388, USA

2Division of Mathematical Sciences, School of Physical and Mathematical Sciences, Nanyang Techno-
logical University (NTU), 637371 Singapore

3Depa\rtment of Mathematics and Statistics, Mail Stop 942, University of Toledo, Toledo, OH 43606,
USA

4Cowen and MacCluer, 1995, Composition operators on spaces of analytic functions.

5Shapiro, 1993, Composition operators and classical function theory.

111



Composition operators between N,-spaces B. Hu et al.

The N),-spaces on the unit disk were introduced and studied by Palmberg®. For
p > 0, the space N,(ID) consists of functions in O(ID) such that

supf £ (2)IP(1 = |o,(2)]* )P dA(2) < oo.
aelD JID

The study of such spaces was motivated by Q,-spaces, which have been of interests
by many researchers. The book of Xiao” provides an excellent source of information
about Q,-spaces.

Some important properties of Np—spaces are: forp > 1, Np—spaces all coincide
with A~1(ID) and for p € (0, 1], the Np—spaces are all different. Here A™P(ID) denotes
the Bergman-type space that consists of functions in O(ID) such that sup,. |f (2)|(1-
|2]2)P < co.

In Palmberg (2007), Palmberg studied the boundedness and compactness of
composition operators acting between JN,-spaces and from an \/,-space into A~(ID).
Certain characterizations of boundedness and compactness were obtained. In Ueki
(2012), Ueki investigated weighted composition operators between N,-spaces and
A™9-spaces.

The first two authors® introduced and studied properties of N,-spaces in higher
dimensions. For p > 0, the \V,-space of B is defined as follows:

N, = N,,(B)
1/2
= {f c0m): 7l =sup( [ IR0 -[@,ERPavea) < oo},
acB B

where dV is the normalized Lebesgue volume measure over B and @, is the involu-
tive automorphism of B that interchanges 0 and a. We also defined the little space
of NV, as

%

Ny = Ny (B) := {feNp: lim JIBIf(Z)IZ(l—ICDa(Z)Iz)”dV(Z)zo},

la|—>1-

which is a closed subspace of N,.

Several basic properties of V,-spaces are proved, in connection with the Bergman-
type spaces A7, which, similar to the one dimensional cases, consists of functions
f € O(B) for which

Iflp = sup If (21 =[2?) < 0.

Recall that H* denotes the Banach space of all bounded functions in O(IB) with the
norm ||f|le = sup,cplf(2)l

6Palmberg, 2007, “Composition operators acting on Np-spaces”.
7Xiao, 2001, Holomorphic Q classes.
8Hu and Khoi, 2013, “Weighted composition operators on Np-spaces in the ball”.
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1. Introduction

Theorem 1 (Hu and Khoi®) — The following statements hold:

n+l

1. For p>q>0, we have H® <> N, <> N, <> A 7.

2. Forp>0,ifp>2k-1,ke (0, &21], then A% — ./\fp. In particular, when p > n,

n+l
N,=A"T.
3. N, is a functional Banach space with the norm || -||,, and moreover, its norm
topology is stronger than the compact-open topology.

4. For 0<p < oo, B> N, where B is the Bloch space in B.

Considering weighted composition operators between N, and Bergman-type
spaces A™1

Wu,(p(f) =u- (f o (P)ff € O(IB),

where #: B — C is a holomorphic function, the properties above allow us to prove
criteria for boundedness and compactness of these operators!?. In Hu and Khoi
(2015) and Hu, Khoi, and Le (2016a), compact differences and the estimate for
essential norm of weighted composition operators acting from an \,-space to an
A™9-space were investigated. In these works, various properties stated in Theorem 1
were used.

All of the aforementioned results concern weighted composition operators W, ,
acting between the spaces NV, and A™7. A natural question one may ask is: what
is the situation like when we consider composition operators acting between N),-
spaces themselves? The aim of the present paper is to investigate this question. More
precisely, we study the boundedness and compactness of composition operators
C, acting between N, and N for p,q > 0. To our knowledge, this problem has not
been treated before, neither in one variable nor several variables.

The structure of this paper is as follows. Section 2 on the next page is devoted to
the boundedness of C,,. We obtain sufficient conditions and necessary conditions
for C, to be bounded from N, into N,. In Section 3 on p. 118, we investigate
the compactness of C,,. Different characterizations for compactness are provided.
We also show in this section that the range of any compact composition operator
Cy : N, — N, must be contained in ;. Consequently, the compactness of C,
from N, into NV, and from N/, into NV, 0 are equivalent.

Throughout the paper, do denotes the normalized surface measure on the sphere
S, the boundary of B. For two quantities a and b of a certain variable, we write a < b
(respectively, a > b) if there exists a positive number C independent of the variable
under consideration such that a < Cb (respectively, a > Cb). Moreover, if both a < b
and a > b hold, then we write a ~ b.

9Hu and Khoi, 2013, “Weighted composition operators on Np—spaces in the ball”.
101hid., Theorems 3.2 and 3.4.
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2 Boundedness of composition operators from N, to

N,

q

In this section we investigate the boundedness of composition operators between
N,-spaces. The one dimensional case is considered by Palmberg!!. A sufficient
condition and a necessary condition for C,, to be bounded on N, of the unit disk
were given there. These conditions involve the generalized Nevanlinna counting
function introduced by Shapiro.

We begin with the case ¢ is a univalent holomorphic self-mapping of the unit
ball B.

Theorem 2 — Let ¢ be a univalent holomorphic self-mapping of B and p be any positive
real number. Suppose that

=inf{|Jp(z)|: ze B} >0,

where J g the complex Jacobian of . Then Cy, : Ny — N, is a bounded operator with
IC,ll < o~ forall p > 0.

Proof. Let f be any function in NV,,. For a € B, and z € B, the Schwarz-Pick lemmal?

gives | @y 4)(¢(2))] < |P4(2)|- Since ¢ is univalent, it is biholomorphic from B onto
@(B)13. This makes the change of variables possible in the following estimates:

52f|f (1~ [0, ()PP dV (2)
f|f 2(1 - [y ()PP U p(2)PdV (2)

_J- f (W)2(1 = @y (2)P)PdV (w)  (by the change-of-variables w = ¢(z))
f|f 2(1 =[PPV (w)

<IIfIR.

Taking supremum over a € B gives 62||C(pf||127 < ||f||§, which implies [|Cyfll, <
5_1||f||p. Since f was an arbitrary element in V,, we conclude that C,, is a bounded
operator on N, with [|C,|| < 67! as desired. O

11Palmberg, 2007, “Composition operators acting on ./\/ -spaces”, Theorem 4.2.
12Rudin, 1980, Function theory in the unit ball of C", Theorem 8.1.4.
135¢e e.g. ibid., Theorem 15.1.8.
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2. Boundedness of composition operators from N, to N,

Corollary 1 - Suppose A : C" — C" is an invertible linear operator and b is a vector
in C" such that ¢(z) = Az +b is a self-mapping of B. Then C,, : N, — N, is bounded
forall p > 0.

Proof. Since |J@(z)| = |det(A)| > 0, Theorem 2 on the preceding page provides the
desired conclusion. O

For general self-mappings ¢ of the unit ball, we offer a necessary condition and
a sufficient condition for C,, to be bounded from N/, into ;. We shall make use of
a sequence of homogeneous polynomials {P,,} which satisfy deg(P,,) = m,

1Pl = sup|Pu(@) =1, and f P (O)Pdo(0) > . (1)
Icl=1 s 4

The existence of such a sequence was proved in Ryll and Wojtaszczyk (1983). We
shall also need the inequality

1+22kyx2k 2 (1-x)77 for0<x<1, (2)
k=0

where y is a positive number. Indeed, it was showed!# that
" ky 2F - 1
ZZ Yx7 2z (1-x)7Y forx>§.
k=0

On the other hand, it is clear that 27V > (1 —x)™7 for 0 < x < % Therefore, (2) holds.
The following preparatory result will be needed in obtaining the necessary
condition for the boundedness of C,,.

Proposition 1 - Let p and q be positive numbers and ¢ a holomorphic self-mapping
of B. Let By, denotes the unit ball of N,. Suppose p is a positive number and E is a

measurable subset of B such that

sup f (@)1~ [0u(2)P)1dV(2) < .
aelB,felB_vp E

Then for any 0 <& < p+ 1, we have
1 —|D,(2)|?)1
SUPJ- %d‘/(z) S
aeB JE (1= lop(2)|?)P ¢

14Ueki, 2012, “Weighted composition operators acting between the Np-space and the weighted-type
space H®”, p. 247.
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(Cont. next page)
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Proof. The hypothesis implies that for any a € B and any f € N/, we have

J F (@)1~ 10, (2))dV(2) < ullfIE. 3)

F(z)=1+ Z2’<<P+1—f)/2pzk<z), zeB.
k=0

By Hu, Khoi, and Le (2016b, Theorem 5.1),

2k(p+1-¢)

IFI2 ~ ZW Zz"“

which shows that F belongs to A,. Let I, denote the group of all unitary operators
on the Hilbert space C". For any U € il,, the unitary invariant property of the
volume measure shows that F o U also belongs to Np and ||F o U||, = [[F[l,-. Setting
f=FoUin (3) gives

J IF(U @)1~ [0,V (2) < WlF o UIE = wlFIE,

foreachae Band U € 4l,,.
Now fix a € B. Integration with respect to the Haar measure dU on 4, and
Fubini’s Theorem yield

[ ([, rweerav)i-ieer)ave < e
ENJU

n

For any z € B, we compute

L FUpIFaU = | [F(ip(ie)dotc)

n

(by Rudin (1980, Proposition 1.4.7))

J|1+sz P2y (20| do(0)

—1+Z2k”*“ @ [ Pac)Pdotc)

(by the orthogonality and the homogeneity of {Py})

> 1+ iz"“’“—f)<|<p<z>l2>2k) (by (1))
k=0
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2. Boundedness of composition operators from N, to N,

BT by )

2 (1-lp(z
Consequently,

(1= [y
L 1 lp@ppiet’®

s L(LlF(U(P(Z))PdU)(l - |CDa(z)|2)qu(z) < ]/l”F”;

as desired. O

We are now ready to prove a necessary condition and a sufficient condition for
the boundedness of C, : N, — N.

Theorem 3 — Let p and q be two positive numbers and ¢ a holomorphic self-mapping of
B. If

JIRLC
SollellgL (1- |(p(z)|2)n+1 dV(z) < oo, W

then C,, : Np — /\/'q is bounded.
Conversely, if C,, : Np — ./\/q is bounded, then for any 0 <e <p+1,

Salelng:B (1 — |(P(Z)|2)p+1_€dV(Z) < 00.

Proof. Suppose (4) holds. By Item 1 of Theorem 1 on p. 113, there is a constant
C > 0 such that for each f € NV, we have

f (21 =12 <Clifll,, VzeB.

Hence,
201 2 2 (1D, (2)1%)
32£L|f(cp(z)>l (1-1®y(2)2)7dV (2) < (CIIfIl,) ilelg_fm—(l—|<P(Z)|2)”+1dv(z)’

which shows that C,, is bounded from N/, into V.
Conversely, suppose C,, : NV, — N is bounded. Then

sup [ IF(plalP(1- 12,V = sup ICuSIE <IC,IF.
a€B,feBy, JB feBy,
The desired inequality now follows from Proposition 1 on p. 115. O

An application of Theorem 3 immediately gives the following result. In fact, the
operator C, in the corollary is compact, as we shall see in the next section.

Corollary 2 — Let ¢ be a holomorphic self-mapping of B such that ||¢|| < 1. Then
Cy : N —> N, is bounded for all p,q > 0.
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3 Compactness of composition operators from N, to

N,

q

3.1 General characterizations

In this section we study the compactness of composition operators between N/,-
spaces. By standard argument!3, we have the following criterion for compactness.

Lemma 1 - A bounded composition operator C,,: N, — N is compact if and only if
for any bounded sequence {f,,} C N, converging to zero uniformly on compact subsets of
IB, the sequence {||fm o (p||q} converges to zero as m — co.

It turns out, as we shall see below, that the range of any compact composition
operator C, : N}, — N, must be contained in the little space Nqo. We first prove an
important property of elements in Nqo.

Lemma 2 — Let h be an element in the space Nqo. Suppose {A}k>1 is a decreasing
sequence of measurable subsets of B whose intersection is empty. Then

lim [Sup |h(2)]*(1 =D, (2)*)7dV (2) | = 0. (5)
k—oo| geB J Ay

Proof. Let € > 0 be given. Since h € /\/'qo, there exists a positive number 0 < 6 < 1
such that

sup ﬁBlh(z)lz(l ~|@4(2)1)7dV (2) < e. (6)

o<lal<1

On the other hand, if a € B with |a| < 0, then for z € BB,

(1—lal®)(1~[z) _ 1+]al 2y 149 2
1-|D (2)]? = < 1- < 1—z|%).
| a(z)l |1 —<Z, a>|2 — 1 _ Ial( |Z| ) — 1 _6( |Z| )
Consequently, for any integer k > 1, we have

sup | @P1 -k, eV < (15 [ ma@P-EPrave)

lal<o J Ak

Since h € Nqo c Aé, the function |h(z)|>(1 - |z*)7 belongs to L'(IB,dV). Because
{Ak>1} is a decreasing sequence of subsets whose intersection is empty, there exists
a positive integer k. such that for all k > k,,

[ ], mera vz <e

(1+6
1-6

15As in Cowen and MacCluer, 1995, Composition operators on spaces of analytic functions, Proposi-
tion 3.11.
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3. Compactness of composition operators from N, to N,

This implies that for such k,
sup | [h(2)P(1 - |@,(2)1%)1dV (2) < (7)
|a|§5 Ak
Combining (6) and (7) yields
sup | [h(2)P(1 =@, (2)%)1dV (2) <
acB J A

for all k > k.. Since ¢ was arbitrary, (5) follows. a

The following result provides a necessary condition for C,, to be a compact
operator.

Proposition 2- Suppose Cy : N, — N, is a compact composition operator. Let
={feN,:IIfll, < Then thefollowmg statements are true.

1. C(p(/\/p) C ./\fqo and

lim sup f If (@(2))]>(1 = |@4(2)*)7d V (2) = 0. (8)

la|l—1- fElBN

2. For any decreasing sequence {Ay}i>1 of measurable subsets of the unit ball whose
intersection is empty, we have

lim sup

] sup [ If (p(2)(1-I@4(2)*)dV (z) | = 0. 9)
—)OofelBN

acB J A

Proof. We first prove that C,,(N,) is a subset of NO Let f be in N,. For any integer
m>1, put f,,(2) = f (525 2)- Then each f,, belongs to H® and the sequence {f,,} is
bounded on A, and converges to f uniformly on compact subsets of B. By Lemma 1
on the preceding page, the sequence {C,,f,,} converges to C,f in N, as m — co.

Since each function C, f,, belongs to H* C Nqo and Nqo is a closed subspace of \V,,
we conclude that C,, f is an element in qo_ Since f was arbitrary, it follows that the
image of N, under C,, is contained in NV

Let € > 0 be given. Since C,, is compact and its range is contained in ND, the
image C (IBNP) is pre-compact in Nqo. Therefore, C(p(IBNp) can be covered by finitely
many i—balls. That is, there exists a finite set {f},..., fi} C lBNp such that for any
fe IBNP, there is a number j € {1, 2,..., M} for which

ICp(F)=Colh)l; < 5 (10)
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On other hand, since {f; o @,..., for o @} is contained in ./\fqo, there exists 0 <r <1
such that forall 1 <j <M and |a| >,

J|f] 2(1 — 1@, (2)| )qu(z)<§. (11)

For each a € B with |a| > r and f € N, with [|f]|, <1, choose 1 < j < M such that (10)
holds. Combining with (11), we have

f F(@@)P(1 - [0,(2)P)1dV(2)
2f (IF (@)~ £ (@ +1F(@()P) (1~ [P (2)P)1dV (2)

= 2Cy () - Colf) ||q+zf P -0V (2)

<2(Z+Z):€.

This shows that for all r < |a| < 1,

sup f|f 2(1 - [PV () < e,

fGIBAf

which implies (8).

Now let {A} be a decreasing sequence of measurable subsets of B whose inter-
section is empty. Since {f; o @,..., fyr o @} is contained in V), Lemma 2 on p. 118
shows that there exists an integer k. such that for any k >k, and any 1 <j <M,

sup | Ifilg@IF(1-10,())dV(a) < T (12)
acB

Inequalities (10) and (12) together give

sup [ IF(p()P(1 - 0y (2)2)dV (2)
acB Ak
< Zi‘e‘EL (1F (=)~ (@D + 1 p(2)P) (1 - 2, (2)P )1V ()
< 20ICy () - Cy(FIE + 2supf )P - 1@, (2)P)dV (2)
&
< 2(4 4) - &
forany k > k. and f € [BNp~ The limit (9) then follows. |
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3. Compactness of composition operators from N, to N,

Now we give the following characterization of the compactness of C,, acting
from N, into NV,.

Theorem 4 — Let p,q be positive numbers and ¢ a holomorphic self-mapping of B such
that the composition operator Cy, : N\, — N is bounded. Let Ey CE, C--- CBbe an
increasing sequence of measurable sets such that Uys1 E = B and for each k, the closure

®(Ex) is compact in B. Then C, : Ny — N, is compact if and only if

Jim sup [supj [ (@(2)I*(1 = D4(2)*)7d V (2) | = 0. (13)
waE]B/\/ acB JB\Ey

We recall here that IBN {f e Ny :|Ifll, < 1} is the unit ball of N,.

Proof. Necessity. Set Ay = B\Ej for all integers k > 1. Then {A}x>1 is a decreasing
sequence of measurable subsets of B and

Na=m(Js)=o

k>1 k>1

If C,, is a compact operator from N, into AV, then (13) follows from Item 2 of
Proposition 2 on p. 119.

Sufficiency. Suppose (13) holds. Take any bounded sequence {f,,} C N, converging
to zero uniformly on every compact subset of B. By Lemma 1 on p. 118, it
suffices to show that the sequence {||f,, o ¢l|,} converges to zero as m — co.

Let ¢ > 0 be given. By (13), there exists a positive integer k such that for any
m e N,

&
sup [ fulpl 1o AV < 5 (14

On the other hand, since {f,,} converges to zero uniformly on the compact set
@(Ey), for sufficiently large m, we have

sup [ 1fu(@@)P(1 - [@u(2)2)dV (2 flfm 2V ()
acB JE
< suplfu(@(2)
ZEEk

e
- sup |fm(w>|2<§.
wep(Ey)

This estimate together with (14) immediately yields

ICyfull =sup [ IfulglenP(1 - o, 1aV(a) <,

for sufficiently large integers m. Consequently, ||C,, f,ull; — 0 as desired. O
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By weakening condition (13) and adding an extra condition, we obtain an equiv-
alent characterization for the compactness of C,, as follows.

Theorem 5 — Let p,q be positive numbers and ¢ a holomorphic self-mapping of B such
that the composition operator Cy, : Ny —> N is bounded. Let Ey CEy C--- C B be an
increasing sequence of measurable sets such that Ugs1 Ex = B and for each k, the closure

@(Ey) is compact in B. Then the following statements are equivalent.
1. C,, is compact from N, into N.
2. C,, is compact from N, into N).

3. The following two conditions are satisfied

Jlim (fsé%i[L\Elkf 2(1-2*)1dV(z )])=0; (15)
and
_ q —
jm o j (@)1 - [0, (2)P)dV () = 0. (16)

Proof. The equivalence of 1 and 2 comes from the fact that Nqo is a subspace of N,
and Item 1 of Proposition 2 on p. 119, which shows that whenever C,, : N, — N,
is compact, the range of C,, is actually contained in Nqo. We only need to prove the
equivalence of 1 and 3.

Suppose 1 holds, that is, C, : N}, = N is compact. Then (15) follows from
Item 2 of Proposition 2 on p. 119 with Ay = B\Ey and a = 0. In addition, (16) follows
from Item 1 of Proposition 2 on p. 119.

Now suppose 3 hold, that is, both (15) and (16) are satisfied. Take any bounded
sequence {f,,} C N, converging to zero uniformly on every compact subset of B. We
may assume that ||f,[|, <1 for each m € N. To show C,, is compact, it suffices to
show that

nil_r)lgollcq)(fm)”q =0.

Let ¢ > 0 be given. By (16), there exists 0 < 6 < 1 such that

sup sup J. If (@(2)]*(1 = |D,(2)| )qu(z))<§. (17)

6<|al<1 feIBN

By (15), there exists an integer k > 1 such that

(1-6)%.¢

3 (18)

sup
feBy,

f F (@1~ 12)dV (2)| <
B\E;
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3. Compactness of composition operators from N, to N,

If a € B with |a| < 6, then

(1-laP)(1 - J2P) _ 112
=GP (-7

1 - [®,(2)? =

This together with (18) implies

2 2
ey (|“|<I<)5~£B\Ek If ((2))|7(1 = |D,4(2)] )qu(z))

feBy,

1 s
= mfjéi _[B\Ek @I (1= 29)7dV(z) < 3

Since {f,,} converges to zero uniformly on the compact set ¢(Ey), there exists my € IN
such that whenever m > my,

supl | Ufulp @)1~ (2P aV(2)) < | Ifulpiz)Pavie)

acB

For m > mg, by (17), (18) and (19), we have

ICu ol =sup [ V(@@ - 0,2 1V 2

< sup j (@)1 - 0,2V (2)
o<lal<1
+supf @R (1 [0, (2)2)d V (2)
la|<é
< sup f (@)1 - 0,21V (2)
o6<|al<1
+supf )20~ @, ()P V (2)
la|l<6 JB\Eg
wsup [ Il (1 0,214V
lal<é
< E.
It follows that [|Cy, f,ull; — 0 as required. O

By using Theorem 4 on p. 121 with certain choices of the sets {Ey}¢>1, we obtain
somewhat more concrete criteria for the compactness of Cy,.
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Corollary 3 — Let p, q be positive numbers and ¢ a holomorphic self-mapping of B such
that the composition operator C, : N, —> N is bounded. Then the following statements
are equivalent.

1. C,, is a compact operator from N, into N,.
2. timy - (supyep, femy, | fun, F (NP1~ [R,(2P1AV()]) = 0

3. 1imy g (suPye, femy |fyope F@EIP( -2,V ()|) =0

Proof. Observe that statement 2 and respectively, statement 3, is equivalent to the
statement that for any sequence {t}x> of positive numbers increasing to 1, we have

hm sup UIZM 2(1 - |, (2) )qu(z)]):O,

k_>°° acB,feB y,

and respectively,

hm sup [.r |>tk 2(1 - |D,(2)] )qu(z)]): 0.

k—>°° acB,feB

For each integer k > 1, define E; = {z : |z] < #;} in the case of statement 2 and
Er = {z : |p(2)| < t;} in the case of statement 3. Since {f;}x>1 is increasing to 1,
we see that {Ei}i>; is an increasing sequence of measurable sets and U}, Ex = B.
Furthermore, it is clear that the set ¢(Ey) is compact for each k. The equivalence
of 1 and 2 and the equivalence of 1 and 3 now follow from Theorem 4 on p. 121.00

Corollary 4 - Let @ be a holomorphic self-mapping of B such that ||@|| < 1. Then
Cy: Np — Nq is compact for all p,q > 0.

Proof. By Corollary 2 on p. 117, the operator C,, is bounded from N/, into N,. In
addition, condition (d) in Corollary 3 is clearly satisfied since the set {|@(z)| > t} is
empty for all [|¢]|, <t <1. Consequently, C,, is compact. O

By changing the role of V), to Npo in the proofs of Theorems 4 and 5 on p. 121
and on p. 122, we immediately obtain the following result describing the compact-
ness of composition operators acting between A, and A

Theorem 6 — Let p,q be positive numbers and ¢ a holomorphic self-mapping of B such
that the composition operator C, : N;) —> Ny is bounded. Let Ey CEy C--- C B be an
increasing sequence of measurable sets such that Ugs1 Ey = B and for each k, the closure

@(Ey) is compact in B. Then the following statements are equivalent.

1. C,, is compact from Npo into Nj.
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3. Compactness of composition operators from N, to N,
2. Cg is compact from N into N7

3. lim sup [sup .[1;3\5 |f((p(2))|2(1 —|CDa(Z)|2)qu(Z)} =0.
k

k—>°°felBNo acB

4. The following two conditions are satisfied

lim( sup [J If (@(2)*(1 = |2*)7dV( )]) 0;
k—co feB o L IBIE,

and
lim sup J If (@(2))]>(1 = |@4(2)*)Td V() = 0.
la|l—>1- fGIB 0

Here IBNpo ={fe Npo Ifllp < 1} is the unit ball of/\/'po.

3.2 Some simplifications

Although Theorems 4 to 6 on p. 121, on p. 122 and on the preceding page offer
several characterizations of the compactness of composition operators C,, : N, —
N,, the conditions are rather abstract and difficult to check. We shall provide in
this section a necessary condition and a sufficient condition for the compactness of
C, directly in terms of ¢. These conditions seem to be more useful in applications.

Theorem 7 — Let p,q € (0, n] be two positive numbers and @ a holomorphic self-mapping
of B such that Cy, : N, — N, is bounded. If

- 2\q
lim supj L"(?HdV(z) =0, (20)
t=17 4eB lp(z)[>t (1 _|§0(z)| )n

then C,, is compact.
Conversely, if C<P : Np — Nq is compact, then for 0 <e <p+1,

lim supj ot de(z) =0. (21)

=17 4eB 1-|p(z)]2)pri=e

Proof. Suppose (20) holds. As in the proof of Theorem 3 on p. 117, there is a
constant C > 0 such that for any f € NV, with ||f||, <1

f (@) < ClIfllp (1 = |2%) 2 < (1 =)0+ 172,
It implies that for any 0 <t <1 and any a € B,

‘1-|o 2)id C? wd )
j@(z)lxlf((p(z))l (1 =1P(2)[%)7dV (2) < j¢(z)|>t TRy V@
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Now (20) shows that statement 3 in Corollary 3 on p. 124 is satisfied. As a result,
C, is a compact operator from N, into A.

Now suppose C,, : N, — N, is compact. Let y > 0 be given. By Corollary 3 on
p- 124, there is a number ty € (0,1) such that for all ty<t< 1,

sup f (@)L~ 10u(2)P)1dV(2) < g
uelB,feIBNp lp(z)|>t

An application of Proposition 1 on p. 115 with E = {z € B : |@(z)| > t} yields

_ 2)q
sup [ L= R av iz
aeB Jjp(z)>t (1= [2[2)PH1=¢

for all t, <t < 1. Since p is arbitrary, (21) follows. |

As applications of Theorems 3 and 7 on p. 117 and on the previous page, we
have the following result.

Corollary 5 - Suppose k > 0,p,q,r € (0,n),r > g, €(0,q+ 1) and ¢ is a holomorphic
self-mapping of B. The following statements hold.

1. If C, : ATKa¥1=¢) — A=K1) is g bounded operator, then Cy, : N, — N, is a
bounded operator;

2. If Cp : AMat1=6) 5 ATk s g compact operator, then Cy, : Ny, — N, is a
compact operator.

Proof. The boundedness of C,, : A™7+17¢) — A7kK("t1) j5 equivalent to'®

_|~|2\q+1-¢
zeB (1 =l@(2)])™

By Theorem 3 on p. 117, it suffices to show that

(1 [, (2)1)" N
sup (e <o

Indeed, we have

(1—|Dy(2)]%)"
sup JIB 1 <lppy’®
(1—|Dy(2)[%)"
<msup [ TRV

(1 _ |Z|2)r—q—1+£

—ap oV

- Msup(1 -la? |
B

acB
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2 (1 — |Z|2)r*q*1+€
= Msup(1 —|4] )rj e,
acB B |1 - <Z, a)|1’l+1+(r—q—1+g)+(r+q_n_€)
We havel”
1 — 2|2y —9-1+¢
et |a|2)r—[ S dV(2) < oo,
acB B|1—{z a>|”+1+(’—q—1+€)+(r+q—n—g)

which implies the desired result.
The proof of statement 2 is similar to that of 1 and we use the fact!® that
Cy : AKar1=6) , A=k(+1) is compact if and only if

i sup L2
=1 o) (1= 1p(2)2)

We leave the details for the interested reader. O
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