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A representation for the derivative with respect
to the initial data of the solution of an spe with
a non-regular drift
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Abstract

We consider a multidimensional spe with a Gaussian noise and a drift vec-
tor being a vector function of bounded variation. We prove the existence of
generalized derivative of the solution with respect to the initial conditions and
represent the derivative as a solution of a linear spE with coefficients depending
on the initial process. The obtained representation is a natural generalization
of the expression for the derivative in the smooth case. In the proof we use the
results on continuous additive functionals.

Keywords: Stochastic flow; Continuous additive functional; Differentiability with
respect to initial data.
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Introduction

Consider a d-dimensional nonhomogeneous stochastic differential equation (spE)

m

dy(x) = a(t, p¢(x))dt + Zo'k(t: Pr(x)) dwy (1), )
k=1

Po(x) =x,

where x e R%, d > 1, m > 1, (w(t))s0 = (w1 (t),..., wy(t));0 is a standard m-dimen-
sional Wiener process, the drift coefficient a : [0, c0) X RY — R? is Borel measurable
and bounded, and the diffusion coefficient o : [0, c0) x RY — R? x R™ is bounded
and continuous.

In what follows we assume that ¢ satisfies the following conditions:
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(Cy) o e W

2d+2,loc([0’ OO) x IRd)'

(Co) Uniform ellipticity. For each T > 0, there exists an ellipticity constant B > 0
such that forall t € [0, T], x € R4, 0 e RY,

0% (t,x)o*(t,x)0 > B|O)?,
where || is a norm in R?.

(C3) Holder continuity. For each T > 0, there exist L >0, 0 < a <1 such that for all
t1,t €[0,T], x;,x, € R, 1<i<d, 1<k<m,

. . 5
|oi(t,x1) = of(t2,x5)| < L(|t1 — 1|2 +xy —X2|a)~

Under these assumptions on the coefficients there exists a unique strong solution
to Equation (1) on the previous page?).

It is well known* that if the coefficients of Equation (1) on the previous page are
continuously differentiable in the spatial variable and the derivatives are bounded
and Holder continuous uniformly in ¢, then there exists a modification of ¢;(x)
(denoted by the same symbol) which is continuous in (t, x) and continuously differ-
entiable in x almost surely. Moreover, the derivative V;(x) := Y;(x) is a solution of
the equation

dYi(x) = Va(t, y(x))Yy(x)dt + ZVGk(t, @¢(x)) Yy (x) dwi(t), (2)
k=1

i
where for a function f : R? — IR?, we set Vf = (gi) .
Y N<ij<d
<i,j<

Flandoli, Gubinelli, and Priola (2010) show that in the case of a smooth, bounded,
uniformly non-degenerate noise and a bounded, uniformly in time Hélder continu-
ous drift term the conditions on the coefficients can be essentially weakened, and
the solution is continuously differentiable with respect to the spatial parameter.

The case of discontinuous drift is studied in Fedrizzi and Flandoli (2013a,b),
Meyer-Brandis and Proske (2010), and Mohammed, Nilssen, and Proske (2015) and
the weak differentiability of the solution to Equation (1) on the previous page is
proved under rather weak assumptions on the drift. Fedrizzi and Flandoli (2013a)
consider Equation (1) on the previous page with the identity diffusion matrix and a
drift vector belonging to L, (0, T;LP(IRd)) for some p, g such that

d 2
p=2 ¢>2, -—+-<L
P9

3See Veretennikov, 1981, “On strong solutions and explicit formulas for solutions of stochastic
integral equations”.
4Kunita, 1990, Stochastic Flows and Stochastic Differential Equations.
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Applying a Zvonkin-type transformation they establish the existence of the Gateaux
derivative with respect to the initial data in L,(Q x [0, T];R%). The authors of Meyer-
Brandis and Proske (2010) and Mohammed, Nilssen, and Proske (2015) use the
Malliavin calculus. In particular, Mohammed, Nilssen, and Proske (2015) prove
that the solution of Equation (1) on p. 1 with a bounded measurable drift vector
a and the identity diffusion matrix belongs to the space L?(Q; W!P(U)) for each
te IRd,p > 1, and any open and bounded U € RY. Unfortunately, in these works no
representations for the derivatives are given.

The one-dimensional case is considered in Aryasova and Pilipenko (2012) and
Attanasio (2010) and explicit expressions for the Sobolev derivative are obtained.
The formulas involve the local time of the initial process. There is no direct general-
ization of the expressions for the Sobolev derivative to the multidimensional case
because the local time at a point does not exist in the multidimensional situation.

The aim of this paper is to get a natural representation for the derivative V,@;(x)
of the solution to Equation (1) on p. 1. We assume that ¢ satisfies conditions (C;)

to (C3) on the preceding page, and for some p>0andall 1 <k <m, 1<14,j <d, the
2+p

function ?(s V) belongs to the Kato-type class 4, i.e.,
to+t |y xo’ i 2+p
li ds s, dy =0.
tllI(I)l tozﬁ)poo J Ld 27t(s — to d/2 P (5 —tp) ay] ( 2 Y
X()EIR

We show that the derivative Y;(x) = V,¢;(x) is a solution to the sbg

v =E+ [ daipn ZJ Vorls, pu(0)Ya(x) duy(), G

where E is the d-dimensional identity matrix, A;(¢(x)) is a continuous additive

functional of the process (t,¢;(x));>0, which is equal to J(: Va(s, ps(x))ds if a is
differentiable. This representation is a natural generalization of the expressions for
the smooth case.

We prove the main result under the assumption that for each t > 0 and all
1<i<d,al(t,-)is a function of bounded variation on R?, i.e., for each 1 < j <d, the

generalized derivative p'/(t,dy) = ax % (t,dy) is a signed measure on R?. Besides, we

suppose that for all 1 <i,j <d, u'/(t,dy)dt is of the class X, i.e.,

lim sup Jt0+t f exp | _XO‘ |;4| (s,dy) =
t10 4,e[0,00) RY (270(s — 1)) ¥/2 2(s -

xp€R

where |y|” = p'l* + u'i~ is the variation of p'/; u'i*, y'i~ are measures from the
Hahn-Jordan decomposition p'/ = p'i* — pii—=
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Similar results for a homogeneous spe with the identity diffusion matrix and a
drift being a vector function of bounded variation are obtained in Aryasova and
Pilipenko (2014). In this case, there is no martingale member in the right-hand
side of Equation (3) on the previous page. This essentially simplifies the proof. The
argument is based on the theory of additive functionals of homogeneous Markov
processes developed by Dynkin (1965). In Bogachev and Pilipenko (2015) the
same method is applied to a homogeneous spe with Lévi noise and a drift being a
vector function of bounded variation. The authors prove the existence of a strong
solution and the differentiability of the solution with respect to the initial data.
Unfortunately, Dynkin’s theory can not be directly applied to our problem because
(@¢(x))s>0 is not homogeneous.

The paper is organized as follows. In Section 1 we collect some facts from the
theory of additive functionals of homogeneous Markov processes®. We consider a
homogeneous process (¢, ¢;);>¢ and adapt Dynkin’s theory to the functionals of this
process. The main result is formulated in Section 2 on p. 14 and proved in Section 3
on p. 15. The idea of the proof is to approximate the solution of Equation (1) on p. 1
by solutions of equations with smooth coefficients. The key point is the convergence
of continuous homogeneous additive functionals of the approximating processes to
a functional of the process being the solution to Equation (1) on p. 1 (Lemma 6 on
p- 21). The proof of the corresponding statement uses essentially the result on the
convergence of the transition probability densities of the approximating processes,
which is obtained in Section 4 on p. 29.

The suggested method can be considered as a generalization of the local time
approach used in the one-dimensional case.

1 Preliminaries: continuous additive functionals

Let (&;, %, P,) be a cadlag homogeneous Markov process with a phase space (E,%),
where o-algebra % contains all one-point sets®. Assume that (&;);»o has the infinite
life-time. Denote N; = 0{&;: 0 <s < t}.

Definition 1 — A random function A;, t > 0, adapted to the filtration {¥;} is called
a non-negative continuous additive functional of the process (&;);>¢ if it is

* non-negative;
e continuous in £;
* homogeneous additive, i.e., forall t >0,5s>0,z€E,
Ap s =Ag+0,A; P,—almost surely, (4)

where 0 is the shift operator.

5Dynkin, 1965, Markov Processes.
6See notations in ibid.
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If in addition for each t > 0,

supE,A; < oo,

zeE

then A;, t > 0, is called a W-functional.

Remark 1 - It follows from Definition 1 on the preceding page that a W-functional
is non-decreasing in t, and for all z€ E

Definition 2 — The function

fi(z) = E A,
is called the characteristic of a W-functional A;.
Remark 2 (Dynkin’) — Foralls>0,t>0,

ftslle < 1fellg + 1 sllgs
where ||fil|g = sup,glfi(2)].

The following theorem states the relation between the convergence of W-functionals
and the convergence of their characteristics.

Theorem 1 (Dynkin®) — Let A, ;, n > 1, be W-functionals of the process (&;)so and
fui(z) = E A, ; be their characteristics. Suppose that for each t > 0, a function f(z)
satisfies the condition

lim sup sup|f,,.(z) - fu(2)] = 0. (5)

"= 0<u<t zeE
Then f;(z) is the characteristic of a W-functional A;. Moreover,

Ay =lim. A, ,,
n—o00

where Li.m. denotes the convergence in the mean square sense (for any initial distribution

&o)-

Proposition 1 (Dynkin®) — If for any t > 0 the sequence of non-negative additive
functionals {A, ;: n> 1} of the Markov process (&;);»o converges in probability to a
continuous functional A,, then the convergence in probability is uniform, i.e.

VT>0 sup (An’t —At) — 0, n — oo, in probability.
te[0,T]

7Dynkin, 1965, Markov Processes, Properties 6.15.
81bid., Theorem 6.3.
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Example1- Let E = IRd, h be a non-negative bounded measurable function on E,
and suppose that the process (&;);>o has a transition probability density g;(z1,z;).
Then

t
A, ;=f h(&,)ds
0

is a W-functional of the process (&;):>0 and its characteristic is equal to

t
filz) = L(L gs(z,v)ds)h(v)dv = th(z,v)h(v)dv,

t
ki(z,v) :JO gs(z,v)ds.

Let a measure v be such that IE ki(z,v)v(dv) is well defined. If we can choose a
sequence of non-negative bounded continuous functions {h,, : n > 1} such that for
each T >0,
=0,

lim sup sup
= te[0,T] z€E

J ki(z,v)h,(v)dv —J ki(z,v)v(dv)
E

E

then by Theorem 1 on the previous page there exists a W-functional A} correspond-
ing to the measure v with its characteristic being equal to JE ki(z,v)v(dv).

For a given measure v, we have a sufficient condition for the existence of a
corresponding W-functional.

Theorem 2 (Dynkin!®) — Suppose that

limsup f;(z) = limsupj ki(z,v)v(dy) = 0. (6)
tl0 zeE tl0 zeE JE

Then f;(z) is the characteristic of a W-functional A}. Moreover,
A7 =lim f [l g,
! elo Jo & ’

and the sequence of characteristics of integral functionals Jot @ du converges to f;(z)
in sense of Equation (5) on the previous page.

9Dynkin, 1965, Markov Processes, Lemma 6.1°.
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Consider a process 1; = (17},77), t > 0, which is a (unique) solution to the system
of spEs:
dn} =dt

m
dn? = a(n},n?)dt + Zok(ml,ryf)dw/c(t)-
k=1

(7)

For the initial condition 176 =tg, 173 = x(, denote the corresponding distribution of
the process (1;)1»0 by Py x,-

Since (#4)s>0 is a homogeneous Markov process, we can apply for its investigation
the theory of additive functionals.

Let h be a non-negative bounded measurable function on E = [0, o) x R?. Then
(cf. Example 1 on the preceding page)

t
A= f h(ns)ds
0

is a W-functional of the process (#;);>0. Its characteristic is equal to

t t
ity 30) =By, [ W0 ds= [ s [ Gltoso to s hito +5 )y

t0+t
:f dsf Glto, x0,5,9)h(s,y)dy, (8)
to R4

where G(s,x,t,9),0<s<t,x€ R4, Ve RY, is the transition probability density of
the process (112)0-

Let a measure v on [0,00) x R? be such that LZOH fle G(tg,xg,5,v)v(ds,dy) < o

for all t > 0, ty > 0, xo € R?. If there exists a sequence of non-negative bounded
continuous functions {h,, : n > 1} such that for each T > 0,

t0+t to+t
J J (to,x0,5,9)hn(s,y)dy — j f (to, x0,5,9)v(ds,dy)| =

then by Theorem 1 on p. 5 there exists a W-functional corresponding to the measure

lim sup

=0 elo, T]
t9€[0,00)
XOEIRd

v with its characteristic being equal to J;OH I]Rd G(to, x0,5,v)v(ds,dy).

Theorem 3 (Corollary of Theorem 2 on the preceding page) — Suppose that

t0+t
lim sup ﬁ to, X0) _hm sup f J- (to, x0,s,v)v(ds,dy) = (9)
tl0 to€[0,00) tOE[O o)
X()EIRd X()EIRd

1(’Dynkin, 1965, Markov Processes, Theorem 6.6.
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Then f(z),z € [0, 00) x R, is the characteristic of a W-functional A} . Moreover,
t
Al = l.i.m.f Mdu,
el Jo [

and the sequence of characteristics of integral functionals Jot M du converges to f;(z)
in sense of Equation (5) on p. 5.

Let #;(tg, %) = (q}(to,xo), qf(to,xo)) be a solution of Equation (7) on the pre-
vious page with the initial condition (ty,xy) and defined on a probability space
(Q,F,%,P). Let P, . be the distribution of the process (1;(ty, xo));>0, Where t5 > 0,
xo € R?. In Dynkin’s notation! (1,(t, x0))=0, % P), tg = 0, xo € R, is called a
Markov family of random functions.

Suppose that the measure v satisfies the condition of Theorem 3 on the previ-
ous page. Then there exists a W-functional A} of the process (#;);50. According
to the definition of W-functionals, the functional is measurable w.r.t. ¢o-algebra
generated by the process (#;);>0. Since the process (7;);>¢ is continuous and has
the infinite life-time, we can consider A} = A}(-) as a measurable function on
[0, 00) x C([0, 00),IR?) that depends only on the behavior of the process on [0, t]. The
composition A/ (#.(tg, X)), t > 0, is called a W-functional of (#;(#o, x¢));»0 correspond-
ing to the measure v. The function A} (11.(to, xo)) is defined for all t; > 0,x, € R%.

If ty =0, xg = x, the process ryf(O,x) = 17t2(x) is the solution of Equation (1) on p. 1
starting from x and therefore 17t2(x) = @¢(x). Then 7,(0,x) = (t, ¢;(x)). Since the first
coordinate 17t1 (to,Xq) = fo + t is non-random, we denote A/ (#.(0,x)) as A} (¢.(x)).

Let us formulate the sufficient condition for Equation (9) on the previous page.
If a and o are bounded and measurable, and o satisfies conditions conditions (C5)
and (C3) on p. 2 then the transition probability density of the process (1,(t))ts0
satisfies the Gaussian estimate!?:

2
c _
G(s,x,t,y) < mexp{—c%} (10)

valid in every domain of the form 0 < s <t < T, x € RY, y € R?, where T > 0.
Constants C, c are positive and depend only on d, T, ||al|1 o, [0kl 7,00, 1 < k < m, and
the ellipticity constant B, where ||al|7 o, = sup;c(o, 7] SUPyerdlla(f, x)ll-

Denote by py(s, x,t,v) the transition probability density of a Wiener process:

(s,x,¢ )—;ex _|y—x)2 (11)
PO S = (=2 P\ " 2(t=9) [

11gee Dynkin, 1965, Markov Processes.
1266 N. 1. Portenko, 1990, Generalized Diffusion Processes, Ch. II.
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The following definition is analogous to the definition of the Kato class!?.

Definition 3 — A measure v on [0, c0) X RY is of the class K, if

to+t
lim sup J j po(to, xg,s,v)v(ds,dy) = 0. (12)
t10 45e[0,00) Jtg RY
X()GIRd

Taking into account Equation (10) on the preceding page it is easy to see that if v is
of the class X then it satisfies condition Equation (9) on p. 7.

Definition 4 — A signed measure v is of the class & if the measure |v| is of the class
K, where |v| = vt + v~ is the variation of v. Here v*, v~ are the measures from the
Hahn-Jordan decomposition v = v* —v~.

Let v = v* — v~ be a signed measure belonging to . Then by Theorem 2 on p. 6
there exist W-functionals A?". Denote AY = A" — A"

Remark 3 — Suppose that the signed measure v can be represented in the form
v =v" 7", where v*, V™ are of the class & but are not necessarily orthogonal. Then
one can see that A)" —AY = AV — AV .

In what follows we often deal with measures which have densities with respect
to the Lebesgue measure on [0, ) x IR?.

Definition 5 A measurable function 4 on [0,00) x R? is called a function of the
class & if the signed measure v(ds,dy) = h(s,y)dsdy is of the class .

Remark 4 — Let v(ds,dx) = p(dx)ds, where y is a measure on R?. Then the Equa-
tion (12) transforms into the following one

t
lim sup f dsJ- Po(0,x¢,s,v)u(dy) = 0. (13)
1o yerd Jo IR

It is proved!* that p satisfies the condition Equation (13) if and only if

supf u(dy) <oco, whend=1; (14)
xeR J|x-y|<1

1
lim sup J In——pu(dy) =0, whend=2; (15)
0 e Jpeeylse [r-)]
lim sup f |x —y(z’dy(dy) =0, whend>3. (16)
€10 yerd J)x—y|<e

I3Kuwae and Takahashi, 2007, “Kato class measures of symmetric Markov processes under heat
kernel estimates”, Cf.
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Consider now a measure v of the form v(ds,dx) = p(s,dx)ds. Similarly to Equa-
tions (14) to (16) on the previous page one can show that if for each T > 0, y satisfies
the condition

sup supf u(t,dy) <co, whend =1, (17)
t€[0,00) xeR J|x—p|<1
lim sup sup j In ;y(t, dy)=0, whend=2, (18)
el0 t€[0,00) xeIR2? |X—y|S€ (x—y|
lim sup sup J |x—y|27dy(t, dy)=0, whend >3, (19)
€10 +¢[0,00) xeRA J|x—y|<e

then v e A.

Remark 5 - Suppose that the measure v(ds,dx) = p(s,dx)ds satisfies one of the
conditions Equations (17) to (19). Then it can be verified!® that for each T > 0, r > 0,
there exists K = K(r, T) > 0 such that for all x € RY, te [0,T],

u(t,B(x,r)) <K,
where B(x,r) is the ball centered at x and with radius r.

In the sequel we use the following modification of Khas'minskii’s lemma®®.

Lemma 1 - Let A; be a W-functional with the characteristic f; satisfying condition
Equation (9) on p. 7. Then for all p > 0, t > 0, there exists a constant C > 0 depending on
p, t, and the rate of convergence in Equation (9) on p. 7 such that

sup E;,) x, exp{pAs} < C.

to€[0,00),x9€R?

Example 2 — Let v(dt,dx) = h(t,x)dt dx, where h is a non-negative bounded measur-
able function. Then the measure v is of the class A. The functional

t
A; = L h(ns)ds

is a W-functional of the process (#;);>0 with characteristic defined by Equation (8)
on p. 7, and

t
A(p(x)) = J; h(s, gs(x))ds.

14E o in Chen, 2002, “Gaugeability and Conditional Gaugeability”, Theorem 2.1.
15¢f, Dynkin, 1965, Markov Processes, Lemma 8.3.
165ee Khasminskii, 1959, “On Positive Solutions of the Equation AU + Vu = 0”;

or Sznitman, 1998, Brownian Motion, Obstacles and Random Media. Ch. 1, Lemma 2.1.

10
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Example 3 - Local time. Let d = 1. It is well known that for any x,y € R there exists
a local time of the process (¢;(x));>o at the point y, which is defined as

.1
L (p(x)) = l-lfgt 7% L Liy—epre)(@s(x))ds.

It can be checked that Lf((p(x)) is a W-functional of (¢;(x));»o corresponding
to the measure v(ds,dx) = dso,(dx), where 9, is the delta measure at the point .
Indeed, for fixed y € R and each ¢ > 0, put

1
&Y (t,x) = h®% (x) = Z]l[y,&wg](x),t >0,xeR,

and v&¥(dt,dx) = h®¥(t,x)dtdx. The function h*? is bounded and measurable. Then
(see Example 2 on the preceding page) there exists a W-functional of the process
(7t)¢>0 corresponding to the measure v®¥. This functional is defined by the formula
&Yy &y L. 1 ! 2
A7 =AY = J. h¥(ns)ds = 5 Ljy—epre)(r5)ds
0 0

and its characteristic is equal to
e e to+t ‘
¥ %) =B A )= [ s LR Gty x0,5,0)h¥ (5,v) dw.
to
One can see that ff’y (tg,xp) tends to
to+t to+t
fty(to,xo) = J. G(tg,xg,s,v)ds = J. dsJ- G(to, x0,5,v)0y(dv)
to R4

to
as ¢ — 0 uniformly in ¢ € [0, T], tg € [0, 0], xg € R. Then by Theorem 1 on p. 5 there
exists a functional
t
A =1lim. A;Y =Lim. | h&Y(y,)ds.
t o 0, (1)
In particular,

Al (@4(x)) = LY (@(x)).

Note that if d > 2, the measure 0, is not of the class X. This agrees with the
well-known fact that the local time for a multidimensional Wiener process does not
exist.

The following lemma deals with the convergence of W-functionals of, generally
speaking, different random functions.

11
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Lemma 2 - Let {(&,,¢)i>0 : 11 = 0} be a sequence of homogeneous Markov random func-

tions defined on a common probability space (Q,F, P) with the common phase space

(E, %), where E is a metric space, 9 is the Borel o-algebra. For n >0, let A,,; = A, (&)

be a W-functional of the random function (&, +);>0 with the characteristic f,, ,(z).
Assume that

(A1) foreach t >0, fy(z) is continuous in z € E;
(Ay) foreacht >0, &, — &g 1 — oo, in probability P;

(As) for all n>0, 151?01an,5|(£ =0, where

)

”fn,é”E = Sup|fn,6(z)
zeE

(A4) foreacht>0,

e _fo,tHE — 0,1 — oo,

Then for each T > 0,

sup IAn,t(En) —Ao,t(50)| — 0, n — oo, in probability P.
te[0,T]

Proof. Note that Ag,t = %Jotfn,a-(én,s)ds is a W-functional of the process (&, ¢)>0-

Denote its characteristic by fn‘?t. Then by Dynkin (1965, Lemma 6.5), for all t > 0,
z€E,

1 (! 2 : :
E. (A -5 | tenaas] <2(fu@+ £200) sup - £l
0 0<u<t
Similarly to the proof of Dynkin (1965, Theorem 6.6), we get

) t+0 5
|fn(?t(z) - fn,t(z)| < %J; |fn,u(z) _fn,t(z)) du + %J; fuu(2)du

1 t+06 1 K
< SJt e e + SL el die < 2]\ o

Soforallt >0,
Osslizt”fn(?u _fn,u”E < 2||fn,6||E- (20)

Using the calculations of the proof of Dynkin (1965, Theorem 6.6), once more we
obtain

t+06

. 0
ful+ £ = fus@ 5 [ b= | futerd

12
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< el + Wil
< 2||fn,t+c5||E~ (21)

The inequalities Equation (20) on the preceding page and Equation (21) give us the
estimate

2
z( n,t én jfné éns 5) SS“fn,(S”Ean,Hé“E- (22)

Further, we have

E,(Ap(En) = Ag (&) < 4

z( mt(En) = MI‘fha Ens)d )
IEZ(%Ltf”""(E"’S)dS‘lf fo,a‘(én,s)ds)
Ez(%ftfo,a(én,s Jfoo £0.) ds)

+E ( f fOb (SOS dS—AQt(éo)) ]—4[I+II+III+IV] (23)

assertion (Az) on the preceding page for any ¢ > 0 we can choose ¢ > 0 such
that r b”E < €. According to assertion (Ay4) there exists ng > 0 such that for all
n>ng,

(7% —fo,a‘”E <e.
Then for all n > ng,

“fn,éng <||fus ‘f0,6HE + ”fOré”E <2e.

Note that for each n >0, k > 1, we have an’k(g”E < k”fn’é”E. This implies that for any
p < oo Taking into account Equation (22), we obtain that

for all n > ny,
I S 16Mt+5€,

and the same estimate holds for I'V.
By the Holder inequality,

t 2
15 55 | (il —foo(60)ds < S5IEzsp (£502) o2

The assertion (A4) on the preceding page yields the estimate II < ¢ valid for all
n>ny =nq(g,0).

13



A representation for the derivative O. V. Aryasova and A. Y. Pilipenko
Similarly,

¢ t
1< ?EL o (Ems) — fons(E0)) 2 ds.

The continuity of the function fy;(-) and assertion (A;) provide the convergence
fo,6(En,s) to fo,5(£0,s) in probability as n tends to co. This convergence together with
assertion (As) allow us to use the dominated convergence theorem and prove that
III — 0 as n — co. Then the right-hand side of Equation (23) on the previous page
tends to 0 as # tends to co. The uniform convergence follows from Proposition 1 on
p. 5, which completes the proof. O

2 The main result

In the following theorem we formulate the main result of this paper.

Theorem 4 — Suppose that a = (al,.. .,ad) : [0, 00) x RY — R? is a bounded measurable

function such that for each t > 0 and all 1 <i < d, a'(t,-) is a function of bounded
variation on RY, i.e., foreach 1 < j <d, the generalized derivative }/lij(t, dy) = %(t’ dy) is
a signed measure on R? . Assume that the signed measures v'i (dt,dy) := u'l (t,dy)dt, 1 <
i,j <d, are of the class K.

Let 0 : [0,00) x R? — R? x R" be a bounded continuous function satisfying condi-
tions (Cy) to (C3) on p. 2 and the following condition

2+p

(C4) There exists p > 0 such that forall 1 <k <m, 1 <1,j <d, the function %(s )

is of the class .

Then there exists the derivative Y;(x) = Vo(x) in L,-sense: for all p >0, x € R4,

velR?, t>0,
E Pi(x +ev) — @y (x) k

&

=Y (x)v

—0, e —0. (24)

This derivative is a unique solution of the integral equation

v = £+ [ dally Zf Vor(s, 0 V) (s, (25)

i

where E is the d x d-identity matrix, Voy(s,y) = (‘;—Z’f(s,y) ; the first integral in
j

)lsi,jsd
the right-hand side of Equation (25) is the Lebesgue-Stieltjes integral with respect to the
continuous function of bounded variation t — A} (@(x)).

14



3. The proof of Theorem 4 on the preceding page

Moreover,

P{VtZO:qot()ewl

f IOC(IRd,IRd),Vth(x) = Y;(x) for A-a.a. x} =1, (26)

where ) is the Lebesgue measure on R,

Remark 6 — The W-functional A} = (Atvij )1<i i<d is well defined because the signed

measure v is of the class & .

Remark 7 — Recall that forall 1 <i,j < d, the mappings Atvij'i, which we will denote

by Alt]'i, are continuous and monotonic in t. So for each T > 0, the function t — Alt]
is a continuous function of bounded variation on [0, T] almost surely.

3 The proof of Theorem 4 on the preceding page

The existence and uniqueness of the solution to Equation (25) on the preceding
page follows from Protter (2004, Ch. V, Theorem 7). Indeed, condition (C4) on

the preceding page provides that for all 1 <k <m, IOtIVGk(s, (ps(x))l2 ds < oo almost
surely and consequently

f dAY (¢ ZJ Vo (s, @s(x)) dwy(s), t > 0,

is a semimartingale.

It is well known that the statement of the theorem is true in the case of smooth
coefficients, and the derivative satisfies Equation (2) on p. 2. To prove the theorem
in the general case, we approximate the initial equation by equations with smooth
coefficients.

The proof is divided into two steps.

3.1 First step

In the first step, we assume that there exists R > 0 such that for all £ > 0, x € R9,
|x| > R, a(t,x) =0, 6(t,x) =0 =const, 65" > 0.
Forn>1,let w, € Cg"(IRd) be a non-negative function such that LRd wy(z)dz=1,

and w,(x) =0, |x|>1/n. Forall t >0, x € R n>1,and 1 <k <m, put
ult ) = (@, a)t,3) = [ w,(x=plaltp)dy, 27)

b ) = ()60 = [ st )y, 28)

15



A representation for the derivative O. V. Aryasova and A. Y. Pilipenko

Note that for each T > 0,

supla,lr,eo <lall7 o (29)
n=

supllon |, < llowllrr 1<k <m (30)
n=

where

llall7 o = sup supla(t,x)|.
t€[0,T] xeR4

Besides, for all n > 1, 0, satisfies condition (C,) on p. 2, and the ellipticity constant
can be chosen uniformly in #.

Remark 8 — For all n > 1 the transition probability density of the process (¢, +(x))ts0
satisfies the inequality Equation (10) on p. 8. It follows from Equation (29) and con-
dition (C;) on p. 2, which holds uniformly in #, that the constants in Equation (10)
on p. 8 can be chosen uniformly in n > 1.

For each T >0, we have a,, — a, 1 — oo, in L;([0, T] x R%). Choosing subsequences,
without loss of generality we can assume that a,,(t, x) — a(t,x), n — oo, for almost all
t > 0 and almost all x w.r.t. the Lebesgue measure. Then foralln>1, t>0,xe R4
such that |x| > R+1,

a,(t,x) =0, o,(t,x)=0.

Without loss of generality we can assume that this is true for all x such that |x| > R.
Moreover, from condition (C3) on p. 2 we derive that for each T > 0, 0,, = 0, n — oo,
uniformly in (t,x) € [0, T] x R,

Consider the spE:

m
AP1,1(x) = At Pt (N AL+ )01t P () du (1),
(Pn,O(x) =X, X€ RY, k=1

For each n > 1 there exists a unique strong solution of Equation (31).
Lemma 3 - Foreachp>1,

1. for all t > 0 and any compact set U € RY,

sup  (E(| ()] +l@r(x)P)) < oo;

xeU, n>1

2. foralleIRd, T>0,

IE( sup |(pn,t(x) - (pt(x)lp) — 0asn— oo.
0<t<T

16



3. The proof of Theorem 4 on p. 14

Proof. The first statements follows from the uniform boundedness of the coefficients,
the second is the consequence of Luo (2011, Theorem 3.4). m|

For n > 1, put

9 i 8ai
Va, = ( a“") » Vo i = [a—nk :
Y N<ijj<d Xj 1<i,j<d
ij Iph (%)
(x) = =5

Denote by Y, ;(x) the matrix of derivatives of ¢, ;(x) in x, i.e., Y,;]t T
’ j
1<i,j<d. Then Y, ,(x) satisfies the equation

t m t
V) = B+ [ 90,050,001+ ) | V(5,00 0DV (s, (52)
k=1

where E is the d-dimensional identity matrix.
By the properties of convolution of a generalized function!”

Va,=Varw,=a*Vw,, n>1. (33)

Note that forall n > 1,1 <i,j <d, Vailj is a bounded measurable function on
[0,00) x RY. Then (see Example 1 on p. 6) there exists a continuous homogeneous
additive functional

Ba

AT
8;)]

n,t((Pn(x)) (S, (Pns( ))d

corresponding to the signed measure Va;‘(s y)dsdy.

Denote p,! (t,)dy = ”(t y)dy. Foreachn>1,1<1,j <d, put ,Mn = pii*

* Wy,

1]+

(recall that p' (t dy) = —(t, dy)). Then yn =un - y; . It can be easily seen that

the measures vn (dt dy) = ;,tqu’_(t, dy)dt, n > 1, are of the class &. By Remark 8 on

ij,*
the preceding page, for each x € R there exist W-functionals A{" (@n(x)), which

we denote by A;j'i((pn(x)). Generally speaking, yi,j’i # (4 + w,)* but, by Remark 3
onp.9,

AT () = A (1)) = AT (9n(2) ~ AT (u()).
Denote @ +(x) = ¢1(x), Yo,+(x) = Y(x), ag = a, 09 = 0, Agt = Ay

Lemma4 - Forallt>0,p>0,1<1i,j<d, there exists a constant C such that

sup sup [Eexp {pA (@ (x ))} <C. (34)

120 xeR4

17gee Vladimirov, 1967, The Equation of Mathematical Physics, Ch. 2, §7.
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A representation for the derivative O. V. Aryasova and A. Y. Pilipenko

Proof. The statement of lemma follows from Lemma 1 on p. 10 and Remark 8 on
p- 16. |

Lemma 5 - ForallTZO,erRd,p>0,

supE sup |Yn7t(x)|p < o0,
n>0  0<t<T

Proof. For all t > 0, n > 0, define the variation of Al,l] on [0, ] by

Var 4] (p(x)) = A7 (@(x) + A (9(x)),
and denote

Var A, (@(x)) := T j<a Var Ayl (@ ().
Set

t m
rfl‘f = inf{t >0: j Z|V0'n,k(5, (pnls(x))|2ds +Var A, ;(p(x)) + (Yn,s(x)l2 > N}.
0 k=1

For the sake of brevity, denote

mo ot
ha(t,C,1) = =21 Var A, (¢ (x)) - CZI Vo (s, ps(x))| ds.
k=1-0

By Ito’s formula, foralln >0,/ €N,

S Clly (@) = Vo) + MEATY ) + T+ T+ LT +1V,
where
tAtl )
M(tAT)) ZZJ. eh"(SCl)(Yns(x)|
0
d m_d
1
X ) Yak(x)) ) Vo (s, s(x) Yars(x) duls),
i,j=1 k=1 r=1

t/\T,I}’ a1
I= _zzf Dy, (x)|"d Var A, s(¢p(x)),
0

N

t n
o _CJ- AT, eh”(s,c,l)’yns( | Z|Vo‘nk s, @s(x | ds,
0 k=1

t/\r 21 2
mzzlf e Chy, (x)| ZY,?S ZdA (),

18



3. The proof of Theorem 4 on p. 14

t/\T,I,\] _
IV = zzj el Chly, ()
0

i,j=1v,q9=1
m d d

X)) Vo5, @usxDYakx) ) VOl (s, s () Vik(x) ) ds,
k=1 r=1 e=1

where |-| is the Hilbert-Schmidt norm. o
Note that [ + III < 0. Besides, there exists a constant C = C(d) > 0 such that

ATl m
IV < 2ch- Gy, () Y |Vous, Pus ()| ds.
0 k=1

Then we can choose C > 0 so large that IV +II < 0. We obtain

hu(tat,C,1)
! " |Yn,t/\Tn

e @ < Yo+ M(tAT), (35)

where M (t A Tﬁ\]),t >0, is a square integrable martingale. Then, for all t > 0,

N 21
[Ee/n(tAty 'C’l)‘Yn,t/\r,?’ (x)| <K,

where K = |Yn’0( )| |E|2l d. Passing to the limit as N — oo, we get that for all
T > 0 there exists C = C(I,d) such that

sup sup ]Eeh”(""c'l)|Yn,t(x)|2Z <K. (36)
n>0 t€[0,T]

By Equation (35), for all T > 0,

[E sup eZh“(t’C’l))Yn’t(x)Fl <2E sup ()Yn’o(x)|4l+M2(t))
te[0,T] t€[0,T]

<K’

m T
1+ ZIEJ &2CN|y, ()| [Vor(s, gonrs(x))|2ds].
k=1 0

Using the Holder inequality with p =1+ &, we get

41
(Cont. next page) E sup eZh”(t’C’l))Yn,t(x)| <K’|1+
t€[0,T]




A representation for the derivative O. V. Aryasova and A. Y. Pilipenko

= T 2+p ﬁ
x Z(naf V0 k(5. @us(x))| ds) ] (37)
k=1 0

2+p
is of the class X,

i

Since for all 1 <k <m, 1 <i,j <d, the function ’g—l;k_(s,y)
]

o 2+p
Tk =(s,7) , n>1, are of the class A too. It follows from Lemma 4

the functions ’

on p. 17 that for each T>0,

T
sullﬂEeXP {f [V, k(s (Pn,s(x))|2+p}d5 <C(T), (38)
n> 0
where C(T) is a constant which depends on T. Consequently,
T 2+p
supIEJ |Van,k(s, qon,s(x))| ds < oo. (39)
n>0 0

By Equation (36) on the previous page we have

T 24p
supIEJ (ezhn<5'cf’>|y,1,5( )141) ds < oo, (40)
0

n>0
From Equations (39) and (40) we get

supE sup e2M(tC1) |Ynt |4l<oo. (41)

n>0  te[0,T]

Finally, for any T > 0, by the Holder inequality,

supE sup ‘Yns |2l =supkE sup [(eh”(t'c’l)|Yn75(X)‘21)e_h”(t'c’l)]
n>0  t€[0,T] n>0  t€[0,T]

<sup
n>0

i 1/2
[IE sup ezh”(t’c'l)lYn’t(x)( ]
t€[0,T]

x| Eexp {4lVarAn7T((pn(x))

m T 1/2
+ ZCZJ |V0n,k(s,<pn,5(x))|2d5}] }
k=10

Now the assertion of the lemma follows from Equation (39), Equation (41), and
the fact that for each T > 0, sup,,.(Var A, t(¢,(x)) < oo, which is a consequence of
Lemma 4 on p. 17. |
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3. The proof of Theorem 4 on p. 14

Lemma 6 - ForeachT>0,x€]Rd,13i,de,

sup AZ’ti((pn(x)) —Aij’i((p(x)) — 0, n — oo, in probability P.

0<t<T
Proof. To prove the lemma we use Lemma 2 on p. 12 in which we put &, ; =1, ¢,
Apr=Ani(Mn), Eor =1 and Agy = Ag(n), n> 1, t > 0. Here (1,,4)1>0 is a solution to
the system of the form Equation (7) on p. 7 with coefficients a,, 0, . Then

l’+t0
fo,e(to, xo) ZJ. dSJ- G(to, x,5,9)p(dy),
to R4

where G(s,x,t,9), 0 <s<t, x,p € R4, is the transition probability density of the
process (173)20. For each T > 0, the function G(s, x, t,y) is continuouson 0 <s <t < T,
x,y € R?18. Taking into account the inequality Equation (10) on p. 8, which holds
locally uniformly in x, we obtain assertion (A;) of Lemma 2 on p. 12 from the
dominated convergence theorem. Assertion (A;) is a consequence of Lemma 3 on
p- 16. Assertion (Az) is obvious. Assertion (A4) follows from Lemma 9 on p. 34,
which is proved in Section 4 on p. 29. O

Lemma 7 - Forall T>0, xe R%,

sup [Y,,(x) - Y (x)
0<t<T

— 0, 1 — oo, in probability IP.

To prove the lemma we need three auxiliary propositions. The first one is a version
of the Gronwall inequality and can be obtained by a standard argument.

Proposition 2 — Let x(t), C(t) be non-negative continuous functions on [0,+o0), K(t)
be a non-negative, non-decreasing function, and K(0)=0. If forall 0 <t < T,

t

x(t) < C(t) +j x(s)dK(s),

0
then

x(T) g( sup C(t))exp{K(T)}.

0<t<T

The following simple proposition is technical.

Proposition 3 — Let {h, : n > 1} be a sequence of continuous monotonic functions on
[0,T], and f € C([0,T]). Suppose that t € [0,T], h,(t) = hy(t), as n — oo, t € [0, T].
Then

— 0, n—> oo.

sup
t€[0,T]

t t
f f(s)dhn(s)—f £(s)dho(s)
0 0

18Ggee N. I. Portenko, 1990, Generalized Diffusion Processes, Ch. 2, §2.
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A representation for the derivative O. V. Aryasova and A. Y. Pilipenko

Proof. By Helly’s theorem Iotf(s) JO s)dhy(s),n — oo, t € [0, T], pointwise.
If f is non-negative, then the umform convergence follows from Dini’s theorem.
In the general case we can consider a decomposition f = f, — f_, where f, are
continuous non-negative functions, and apply the above argument to f.. O

Proposition 4 — Let X, Y be complete separable metric spaces, (Q,F,P) be a probability
space. Let measurable mappings &,: Q — X, h,,: X —> Y, n >0, be such that

1. &, — &y, n— oo, in probability IP;
2. hy, — hy, n — oo, in measure v, where v is a probability measure on X;

3. forall n > 1 the distribution P, of &, is absolutely continuous w.r.t. the measure v;

4. the family of densities {dji” : n > 1} is uniformly integrable w.r.t. the measure v.
Then h, (&) = ho(&g), n — oo, in probability.

The proof can be found, for example, in Bogachev (2007, Corollary 9.9.11), or Kulik
and Pilipenko (2000, Lemma 2).

Proof (of Lemma 7 on the previous page). Let Z,(t), n > 0, be a solution to the equa-
tion

dz,(t) = _Zn(t)dAn,t((Pn(X))' te[0,T],
{ Z,(0)=E.

where E is the d-dimensional identity matrix, T > 0. For each t € [0, T], n > 0 the
matrix Z,(t) is invertible, and

{dz,zl( ) = dA,, ((@a(x)Z; (1), t [0, T),

We get

t
2,01 < L+ | 12,06 Var (0
It follows from Proposition 2 on the previous page that

sup |Z,(t)] < avz exp{VarA, r(¢,(x))}. (42)
t€[0,T]

Here we use that |E| = /2. Similarly,

sup IZ,Z | <d'? exp{VarA, r(@,(x))}. (43)

te[0,T]
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3. The proof of Theorem 4 on p. 14

Let us prove that

sup |Z,(t) = Zo(t)|+ sup |2, (t) - Zg' (t)] > 0, n — oo, in probability IP. (44)
t€[0,T] t€[0,T]

We have

1Z(t) = Zo(t)] <

t
L (Zo(5) ~ Zu()) dA s ()

+

t
f <>(dAo,s(<po<x>>—dAn,s«on(x)))'

f 1Z0(5) ~ Zn($)] d Var Aps(@n(x))

fo <)(dAo,s«po(x))—dAn,supn(x)))].

By Proposition 2 on p. 21,

Za(t) - Zo()] < sup f Za(5)(AA0,(0(x) - A 5(pn(20)
0<u<tlJo
Xexp{varAn,t((Pn(x))}

JO” 20(5) (A4 0(0) - 44T (a2

< sup(

0<u<t
rsup | [ zo<s)(dAo,s<<po<x)>—dAn,s«on(x)))\)

x exp{Var A, +(¢,(x))}- (45)

Let us apply Proposition 3 on p. 21. Put h,(s) = A} (@,(x)), n >0, f(s) = Zy(s).
Taking into account Lemma 4 on p. 17 we get that the first summand in the right-
hand side of Equation (45) tends to 0 as n — oo in probability P uniformly in
t €[0,T]. The second summand can be treated analogously. Thus we have proved:

sup |Z,(t)— Zy(t)] > 0, n — oo, in probability IP.
te[0,T]

The same convergence can be obtained for Z,!.
Using Ito’s formula we get

Yy, 1(x) = Zo(£) Yo, (x)
= ZJ VGnk 5*¢ns( )) n,s(x)_ZO(S)VGO,k(S'(PO,s(x))YO,s(x))dwk(S)-
k=1
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Applying Ito’s formula again, we get for any K > 0,

|Z0(0)Y,0(%) = Zo (1) Yo, (x exp{ fﬂv%ks,cpog )| ds}
:Jtexp —KZJ |Vaok(u,<p0u(x))|2du X
0 = Jo ' '
2

(172(5)V0115, 0 50 Y ) = Zo(5) V0,15, 0,56 Yoo )] =

ngE

k
K|Va04(5, @0 (0| |Za(5)Vslx) = Zo()Yo,o()|” s+

ZJ exp{ Kf Zlv%k 5,0 ))lzds}(zn<s>Yn,s<x>—zo<s)Yo,s<x))x

D (2051 V0k(5: @ (0 Y00 Zo(5)V 0,15, 00,50 Yoo () i)
k=1

Il
—_

Taking into account the inequalities Equations (38) and (42) and Lemma 5 on p. 18,
on p. 20 and on p. 22, one can see that the last summand in the right-hand side of
the previous equation is a square integrable martingale. The same estimates allow

us to write
E|Z,,(1)Y,1(x) = Zo () Yo,r(x exp{ fZIVcrOks,prS 1ds}<1+n (46)

where

t m s
2
I:IEJ exp{—K ZJ |Vao,k (4, 9o, (x))| du}
0 k=10

m
% Y |Zu()V (s, @us (N Z3 (5) = Zo(5) V00 1(5 90,5 (X) 25 (5)] | Zu(5) Vi s(0)|ds,
k=1

t m.oors 2
1= IEJO exp {—K I;L Voo (1, 9o, ()| du}
%Y |(1Zo(s1 o045, 900025 () = K| Voo, @020
£

X081 ¥ s(6) = Zo(5) Vo0 s (47)

It follows from the estimates Equations (42) and (43) on p. 22 that for large
enough K, II <0.
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3. The proof of Theorem 4 on p. 14

Consider I. First using Proposition 4 on p. 22 let us show that for 1 <k <m,
s>0,and x € R?, Vo, k(s @ns(x)) = Voo (s, os(x)), n — oo, in probability. Fix
s>0,xe€R? and 1 < k < m. We apply Proposition 4 on p. 22 to &, = ¢,,5(x), n > 0.
The convergence &, — &y, n — oo, in probability, follows from Lemma 3 on p. 16.

Put X=R%, Y =RY xRY, v(dx) = Cﬁ, where C is a constant such that v is a
X

probability measure on RY. For fixed s,x, and k put h, =Vo,k(s,*), hg = Voo i(s,).
Since for each s € [0,T], Vo, x(s,-) = Voy(s,-), n = oo, in L,(R%) we can assume
without lost of generality that Vo, 1(s,v) = Vog(s,v), n — oo, foreach 1 <k <m
and almost all s € [0,T], y € R, with respect to the Lebesgue measure. Then for
almost all s € [0,T], h, — hg, n — oo, in v. Note that the processes (¢, ;(x))>0,
n > 0, possess transition probability densities. Thus the distributions PEn' n >0, are

absolutely continuous w.r.t. the Lebesgue measure on R? and, consequently, w.r.t.
the measure v. Using Equation (10) on p. 8 it is easy to see that the sequence of

. [dP:
densities { T

n> 1} is uniformly integrable w.r.t. the measure v. Therefore, all

the assumptions of Proposition 4 on p. 22 are fulfilled, and for almost all s € [0, T],
and all x e R,

Vo, k(s @us(x)) = Voo (s, @o,s(x)), 1 — oo, in probability . (48)

Let us return to I. We have

|Zu(S)Vou k(s s (N Zy" (5) = Zo(s)V00k(5, P05 (D) 25" 5)]
<[ Zu()Vou k(s s (]| 23 ()= 25" 5)]
F1Zu($)]|V k(s P () = Voo(s, Pos(x))]| 25" ()]
+1Zu() = Zo(s)|[Voo(s, Pos() Zg (5)]
Using the Holder inequality as it was done in Equation (37) on p. 20 and taking
into account the estimates Equation (42) on p. 22, Equation (43) on p. 22, and the
relations Equation (44) on p. 23 and Equation (48), we get that the first expectation

in the right-hand side of Equation (46) on the preceding page tends to 0 as n — oo.
Thus we obtained that

sup |Zn(t)Yn,t(x) - Zo(t)Yort(x)| — 0, n — oo, in probability P.
t€[0,T]

Now the assertion of the lemma can be deduce from the inequality
| Y0, (x) = Yo ()] <2, (8)]| 20 (8) Vi (x) = Zo(8) Yo (1)) + ] 23, (8) = Z5 ()| Zo(1) Yo (1))

using standard arguments for the proof of uniform convergence, which completes
the proof of Lemma 7 on p. 21. O
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Making use of Lemma 3 on p. 16 and the dominated convergence theorem, for each
T >0, p>1, we get the relation

E sup j |(pn’t(x)—(pt(x)|p dx — 0, n — oo,
0<t<T JU

valid for any bounded domain U C R?. Then there exists a subsequence {ny : k > 1}
such that

sup J |(Pnk,t(x) - (Pt(x)lp dx —» 0a.s. as k — .
0<t<T JU

Without loss of generality we can assume that

sup f |(Pn,t(x) - (Pt(x)lp dx — 0 a.s. as n — oo. (49)
0<t<T JU

It follows from Lemma 7 on p. 21 in the similar way that for each T >0, p > 0,
sup f |Yn,t(x)— Yt(x)|p dx —> 0, n > oo, a.s. (50)
o<t<TJU

Since the Sobolev space is a Banach space, the relations Equations (49) and (50)
mean that Y;(x) is the matrix of the Sobolev derivatives of the solution to Equa-
tions (1) and (26) on p. 1 and on p. 15 holds.

3.2 Second step

Now we treat the general case using localization. Let the coefficients of Equation (1)
on p. 1 satisfy the assumptions of Theorem 4 on p. 14. Let the functions ,y € C(R?)
be such that |B(x)| < 1; f(x) = 1, if x| < 2; p(x) = 0, if |x| > 3; |y(x)| < 1; p(x) = 0, if
|x] <1; y(x) =1, if |x| > 3/2. For R > 1, put fr(x) = B(x/R), yr(x) = y(x/R). Consider
the spe

dop+(x) = a(t, g +(x))Br(Pr,:(x))dt
) oult, @r () Br(@r o (x) dwi(t)
k=1

y (51)
* ngVR((PR,t(X))dﬁ/“j(t),
f=

Pro(x)=x,

where G is a d x m constant matrix such that co* > 0; (W(t))i>0 = (W1 (£),..., W, (1))i>0
is an m-dimensional Wiener process independent of (w(t));>q-
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3. The proof of Theorem 4 on p. 14

Similarly to Lemma 3 on p. 16, for each x € IRd, we get
sup E(|pr,o(x)]” +lp(x)P ) < oo,
>

Note that @g ;(x) coincides with ¢;(x) for t < 1g, where T = inf{s > 0: @s(x) > R}.
Then from the boundedness of the coefficients of Equation (1) on p. 1 we obtain
that for all x € RY,

IP{ sup 'qurt(x) - qot(x)| > e} < IP{ sup |@s(x)| > R} — 0, R > .
0<t<T 0<t<T

It is not difficult, by analogy to Equation (49) on the preceding page, to arrive at the
relation

sup J |(ka7t(x) - (pt(x)|p dx —> 0, k > o0, a.s., (52)
o<t<T JU

valid for all x € R%, p > 1, and a sequence {Ry : k > 1} such that Ry — o0, k — co. It
follows from Lemma 5 on p. 18 that for all x € R?,

supE( sup (| Vg (x)]” +|Y;(x)")) < co. (53)
R>1 0<t<T

According to Section 3.1 on p. 15, for each k > 1 there exists the derivative Vg, +(x)
which, for almost all x € R?, is equal to the solution of the equation

t
Yo i(x) = E + JO Br (PR () AR, o(@r, (6)) Y s (%)

t
+ _f() VﬁRk ((ka,S(x))a(S’ (ka,S(x))YRk,S(x) ds

mo ot

+ . Vor(s, Pr,,s(x))Br, (PR,,s (X)) YR, s(x) dwi (s)

rt

)| k(S s () VB (Pry 5 (X)) Vg () du(5)
=1 0

rt

)| TV rs () 4T ). (54)

Note that Ag,_(@r,(x)) = Ai(@(x)), for t < 7g,, where T, = inf{t: ¢;(x) > Ry}. There-
fore, for t < TR, k > 1, Equation (54) coincides with Equation (25) on p. 14. As
TR, — ©0, k — oo, we deduce that

sup f |Yert(x) - Yt(x)|p dx — 0, k — oo, almost surely, (55)
0<t<T JU
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for T > 0, any bounded domain U C R%, and a sequence {Ry : k > 1} such that
Ry — o0 as k — co. From Equations (52) and (55) on the previous page we get that
Y;(x) =Vei(x), t >0, for A-a.a. x € R?, almost surely.

Let us verify Equation (24) on p. 14. Given R > 1, the coefficients of Equation (51)
on p. 26 satisfy all the localizing conditions imposed on the coefficients of Equa-
tion (1) on p. 1 in Section 3.1 on p. 15. Denote by @, n> 1, a solution to equation
of the form Equation (51) on p. 26 with smooth coefficients such that for p > 1,
T>0,and x € RY,

IE( sup 1<P,§t(x)—<pR,t(X)lp)—>0, " — oo, (56)

0<t<T

lE( sup |Y,ft(x) - YRyt(x)|p) — 0, n— co. (57)
0<t<T

Then for all x,h e R%, v € R,

v
PR (x+vh) = @ (x) + hj YR (x+uh)du.
0

This equation, Equations (56) and (57), and Lemma 5 on p. 18 imply that for all
x,heR?,veR,and R>1,

v

Prt(x+vh) = g (x)+ hJ Yr ¢ (x+uh)du.
0

By Equations (52), (53) and (55) on the previous page we get the equality
v
(pt(x+vh):(pt(x)+hj Y (x+uh)du (58)
0

valid for all x,h € R?,v € R, and R > 1, To obtain Equation (24) on p. 14 it remains
to prove the L,-continuity of Y;(x) w.r.t. x. Note that Lemma 6 on p. 21 implies the
convergence

Ai(p(x)) = Ai(p(xg)), x — xg, in probability.
Then

Y;(x) = Yi(xg), x — xp, in probability. (59)
This together with Lemma 5 on p. 18 entails convergence in L,, p > 0. Now Equa-

tion (24) on p. 14 follows from Equations (58) and (59). This completes the proof of
Theorem 4 on p. 14.
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4 Appendix. Convergence of transition probability
densities

In this section we prove the convergence of the transition probability densities of
the processes (¢, ;)i>0, 1 > 1, to that of the process (¢;);>o (Lemma 8 on the next
page), which entails the convergence of characteristics of W-functionals (Lemma 9
on p. 34). The latter result is the basis of the proof of Lemma 6 on p. 21. We use the
parametrix method, the transition probability densities of the processes with a,, =0,
n > 1, being considered as the initial ones.

Suppose that o satisfies the conditions of Theorem 4 on p. 14 and o(t,x) =
G = const for t > 0, x € R? such that |x| > R, 66" > 0. Let 0,,,n > 1, be defined by
Equation (28) on p. 15. Then ¢,, — ¢, 1 — oo, uniformly in (,x) € [0, T] x R?. Recall
that we can assume that o,,(f,x) =6 forall n>1, t > 0, and x € R? such that |x| > R.

Denote 09 = 0, ¢ = ¢, and for n > 0 put

.
b, =0,0,.

Then b,, — by, n — oo, uniformly in (t,x) € [0, T] x R%, T > 0.
Consider the parabolic equation

It is well known that the Holder continuity and uniform ellipticity of b, provide the
existence of a fundamental solution!?, which we denote by g,(s, x,t,v) (recall that
now a,, = 0). The function g,(s,x,t,9), 0<s<t<T,x € RY, Ve R?, is the transition
probability density of the diffusion process which is a solution of the spe

m t
* ZJ Ok (1, %, (1)) dwy (u).
k=1"%

By M. Portenko (1995, Ch. II, Lemma 3),

8u(s,%,1,9) = go(s,x,1,9), n— oo, (60)
98n(s%,1,9) - ago(s,x,t,y), 1<i<d, n—- oo, (61)
8xi 8xi

uniformly in every domain

@g ={(s,x,t,9):0<s<t< T,erRd,yeIRd,t—s+|x—y| >0},

19E.g. Ladyzenskaja, Solonnikov, and Ural’ceva, 1967, Linear and Quasi-Linear Equations of Parabolic
Type, Ch. 1V, § 11.
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for any fixed 6 >0, T > 0.
Furthermore, for 0 <s<t< T, x € R?, RS R?, the estimates

2
|ngn (s,x,t, y)| C(t-s) 5 exp{—c )yt t‘ } (62)
hold true. Here n>0,1=0,1,2, C,c are positive constants which depend only on 4,
T and [|bo||T,c0-

Now let a satisfy the condition of Theorem 4 on p. 14, and a(t,x) = 0 for t >
0,|x] > R. Put ag = a, and @q+(x) = @s(x), t > 0,x € R?, where @:(x) is the solution
to Equation (1) on p. 1. Let for n > 1, a, be defined by Equation (27) on p. 15,
and ¢, (x) be a solution of Equation (31) on p. 16. Denote by G,(s,x,t,v), n >0,
the transition probability density of the process (¢, +);>0. Then G, (s, x,t,v) can be
constructed by the perturbation method?? as a solution of the integral equation:

t
Gn(s,x,t,y):gn(s,x,t,y)+f dr.r 2n(s,%,7,2)(V,Gy(T,2,t,9),a,(7,2))dz, (63)
s R4

which satisfies the estimate

t—s

2
|Vl (s,x,t, y)( (t—s)_% exp{—c'ﬂ} (64)

in any domain 0<s<t<T,xeR?, yeR? for n>0, I =0,1. The constants C’, ¢’
can be chosen uniformly in #.

It follows from N. I. Portenko (1990, Theorem 2.1), that for n > 1, the function
G,(s,x,t,v) is a fundamental solution of the parabolic equation

d d
sx 1 )_
ds EZ:i ax 8x +;a Bxl =0

Remark 9 - Following the construction of Gy(s,x,t,y) in N. I. Portenko (1990) one
can observe that Gy(s, x,,y) is uniformly continuous in y uniformly on |t —s| > 0,
xeR?, 6> 0.

Lemma 8 - G,(s,x,t,v) = Gq(s,x,t,p), n — oo, uniformly on @g for any fixed 6 >
0,T>0.

Proof. We use the idea of the proof from N. I. Portenko (1990, lemma 2.6). Denote

U, (s,x,t,v) = Vi Gu(s,x,t,9) — V. Gy(s, x, £, p). (65)

20Gee N. 1. Portenko, 1990, Generalized Diffusion Processes, Ch. 2.
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From Equation (63) on the preceding page we get
U, (s,%,t,9) = Vg (5,%,1,9) — Vigo(s, x, £, 1)
t
+J d’cf Vi8u(s,x,7,2)(V,G,(7,2,t,9),a,(7,2))dz
s R4

t
—J drj V80(s,x,7,2)(V,Gy(T,2,t,9),a9(T,2))dz
s R4
= ngn(s' %t }’) - ngO(S: x,t, y)

rt
+ dr—[ Vi80(s,%,1,2)(Uy(t,2,t,9),a,(7,2))dz
Js R4
rt
+ d’cf (Vigu(s, x,7,2) =V, Q0(s,%,7,2))
Js R4
x(V,G,(t,2,t,v),a,(t,2))dz
rt
+ d’rf V.80(s,x,7,2)(V,Go(T,2,t,9),a,(7,2) — ap(7,2))dz.
Js R4
Therefore,
U,(s,x,t,v) =4, U,(s,x,t,9) + 1,(5, %, £, ), (66)
where

t
U,(s,x,t,9) :j drf V.8o(s,x,T,2)(Uy(T,2,t,9),a,(7,2))dz,
s R4

3
T’n(s,x, t,y) = Zlﬁ(sli t;y);

I (5%,8,9) = Vg (s,%,6,9) — Vigo(s,x,1,7),

s xty)= J drf Vi8u(5,%,7,2) = Vi g0(5,%,7,2))
x(V,G,(7,2,t,9),a,(7,2))dz,
I,f(s,x,t,y)_j dTJI;zd V.80(s,x,7,2) (V,Go(T,2,t,9),a,(T,2) —ag(T, 2))dz.
S

Recall that a,(t,x), n > 0, are bounded measurable and they have compact supports
in x. So a, € L,([0,T] xRY) for all T > 0,p > 0,n > 0. Fix p > d + 2. Making use of the
Holder inequality and the estimate Equation (64) on the preceding page we have

t
(Cont. next page) I,f(s, xt,9) < j dt f d|VXgn(s, x,7,2) — Vi go(s,x, T,z)||VZGn(T, z, t,y)||an(r, z)|dz
s R
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t
SK(J. dTJ- IVgn(s,x,7,2) = Vigo(s,x, T, 2)| (67)
S

R4 12 /g ¢ 1/p
X (t—’()_d%lq exp{—cqb)t—_zrl—}dz) (J. dr L{dlan(’c,z)lp dz) ,
S

where K, c are positive constants, 1/p+1/q = 1. It follows from Equation (61) on p. 29
and M. Portenko (1995, Ch. II, Lemma 2), that Iﬁ(s, x,t,9) = 0, 1 — oo, uniformly on
@g for any 0 > 0, T > 0. The Equation (61) on p. 29 gives also that I,ll(s,x, t,y) >0,
n — oo, uniformly on @g. Consider I(s, x,t,v). We have

t
IS(s,x,t,y)sf drf IV80(5, %, 7,2)|[V.Go(T, 2, £, p)||an(t, 2) - a9 (7, 2)| dz

<x( [ e [ et )|pdz)“”
([ o f o seonf

b))
X (t—’l’)_ E2 qexp{—cq — }dz]

2
, _dl y—Xx
= K|l — all,, r(t =) 7 exp{—ch—'}, (68)

=S

where K’ is a constant, y = pfzdfz, p>d+2, lall,,r = ||a||Lp([0lT]XIRd). For the proof of

the last equality in Equation (68)21. Then Ig(s, x,t,9) = 0, n — oo, uniformly on @g.
Thus we conclude that

ra(s,%,t,9) = 0, 1 — oo, uniformly on @ for any 6> 0, T > 0.

Moreover, from Equations (62), (67) and (68) on p. 30 and on the current page we
obtain the following estimate

=S

2
|rn(s,x,t,y)| SH(t—s)_‘%l exp{—c)yt_—x‘} (69)

valid in every domain of the form 0 <s<t<T, x,y € RY. Here H is a positive
constant. We obtain the above inequality for I? in the way similar to that for I.
By Equations (64) and (65)on p. 30forall 0<s<t<T,x,p€ R,

2
|Un(s,x,t,y)| SH’(t‘—s)J%1 exp{—cu}, (70)
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where H' is a positive constant. Denote by #/X is the k-th power of the operator s/,,.
Repeating the argument of Equation (68) on the preceding page, we get

2
. —x
|3 U(s,%,t,9)| < Cellall} (¢ - §7 Y exp {_C |3/t - s) }

where

_ ek T % I'(B) Va P _p-d-2
C"‘HC(E) (F((k+1)ﬁ)) AT VT oy o RE

Here k=0,1,2,...,0<s<t<T,x,p€ RY, C is the constant from the inequality of
Equation (62) on p. 30. It follows from these estimates that

lim sup sup |91£ U,(s, x, t,y)( =0. (71)

k—eo n geser<r, x,yeR?

Using estimate Equation (69) on the preceding page and arguing similarly we get
fork=0,1,2,..., that

2
N —-X
|stkr,(s,%,1,9)] < Cllalls (£ )~ 07 exp{—c%}, (72)

where

kd 1/q
m\%(  T(B)
Cl = H’Ck(—) (— .
: cq) \T((k+1)p)
Iterating the relation Equation (66) on p. 31 and taking into account Equation (71)
we deduce that

Unls, x,t,y) = st’,jrn(s,x, tv). (73)
k=0

The estimates Equation (72) provide the convergence of the series in the right-hand
side of Equation (73) uniformly in n on @g. To prove that

lim U,(s,x,t,9)=0 (74)

n—oo

on @g it is enough to show that dﬁrn(s,x, t,y) = 0, n — oo, for every fixed k =
0,1,2,.... This can be easily obtained by induction.
For the difference G, — Gy from Equation (63) on p. 30 we have

4
Gu(s,x,t,v)— Go(s,x, t,) = ZH,II‘(S, xt,9),
k=1
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where

HY(s,x,t,9) = gu(5,%,t,1) — g0(5, X%, 1, 1),

r‘t
Hﬁ(s,x, ty)= drf (guls,x,7,2) — g0(5,%,7,2)) (VG (T,2,1,9),4,(7,2))dz,
R4

Js

r\t
H,?(s, xt,9) = drj 20(s,x,7,2)(VG,(T1,2,t,9) —VGy(7,2,1,v),4,(7,2))dz,
s R4

t
H#(s, xtp) = dTJ 80(s,x,7,2)VGy(T,2,t,v)(a,(T,2) —ap(T,2))dz.
s R4

J

By Equation (60) on p. 29 we have H,! (s, x,t,y) — 0,1 — oo, uniformly on ?D(ST for any
0>0,T > 0. It follows from Equations (60) and (74) on p. 29 and on the previous
page, and the dominated convergence theorem that H2(s,x,t,p) — 0,1 — oo, and
H3(s,x,t,9) = 0,1 — oo, uniformly on QDO-T. Finally, H;} satisfies the inequality

—-X
|H3(s’x’t’y)|SK”a"_“”p,T(t—S)_gWeXp{_c‘yt s| }

This implies that Hj(s,x,t,y) — 0 as 1 — co uniformly on @g. |

Lemma 9 - Let v(dt,dy) = v(t,dy)dt be a measure of the class K such that supp(V) C
[0, T]x U for some T >0 and compact set U € R?. Then

t0+t t0+t
J- f a(to, %8, 9)(v*w,)(s,dy) — j Go(to,x,5,v)v(s,dy), n — oo,
to R4

uniformly on 0 <ty <ty+t<T,xeR".
Proof. We can write

t0+i

t0+t
n(to, %5, 9)(v*+w,)(s,dy) - J j Go(to,x,5,9)v(s, dy)l

< In (to,t,x) + I (to, 1, ),

where
to, t, x

t0+t
J; .[Rd n(to, X8, )*wn)(y)—(Go(to,x,s,-)*wn)(y))v(s,dy)l,

t0+t

to,t x GO tOlesl )*wn)(y)_GO(tO’x’S")(y))v(s’dy)"

21See, e.g., Friedman, 1964, Partial differential equations of parabolic type, Ch. 1, § 4, Lemma 3.
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For any 6 > 0 we have
t0+6
Ii(to, tx) < f dsJ. ) (G,,(to,x, S,-) % a)n)(y)v(s, dy)
l‘0+(3
j J Go(to,x,5,°) * w,,)(y)v(s, dy)

t0+l‘
+J J |G to, %, 5,1) — Golto, x,5,v }v s, dy). (75)
t

0+O

From Equation (10) on p. 8 we get

t0+b
f J tleIS) >(_(‘L)Vl)(y)v(s’(iy)
l‘oer
J f v(s,dy) j a(to, x,5,9 —2)w,(z)dz
t0+6 |3;—(z+x)|2
< Cf f v(s, dy)J- expl —c—— bt wy(z)dz
to R S— to
f0+b | —_
<C supj J exp 4 —c——— r v(s,dy). (76)
xelR4 R?

Because of the condition Equation (12) on p. 9, for each € > 0, we can choose ¢
so small that for all ¢y, € [0, T — 6] the right-hand side of Equation (76) does not
exceed ¢/2. The same estimate for the second summand in the right-hand side of
Equation (75) can be obtained similarly.

To prove the convergence of the last item in the right-hand side of Equation (75)
to zero we note that for each T > 0 and compact set U c R? there exists C > 0 such

that
t0+T
sup J- J v(s,dy) < (77)
to€[0,00) Jty+0

Indeed, let R > 0 be such that U c B(0,R). We have that for all s € [ty + 0,tq+ T],
x € R?, and y € R? such that |y) <R,

pO(tO’x’st)Z;exp M : 1
(2718)4/2 25 =K

where py(t,x,5,v), 0<t<s,x€ IRd,y € RY, is a transition probability density of a
d-dimensional Wiener process. For each x € RY,

t0+T t0+T
sup J- J v(s,dy) < K5 sup f o(to,x,5,9)v(s,dy)
t y|<R

to€[0,00) Sty +0 tp€[0,00) Jty+0
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t0+T
<Ks sup sup ds.[Rd po(te, X, s, v)v(s,dy).

to€[0,00) XeR4 J 1o

Fixed Cy > 0, by the relation Equation (12) on p. 9 there exists Tj > 0 such that
f‘t0+T0
sup sup dsJ- polto, % s,v)v(s,dy) < Cp.
to€[0,00) XeRY Jtg R4
Then Remark 2 on p. 5 implies that there exists C; > 0 such that

rto+T

sup sup dsj polte, %, s,v)v(s,dy) < Cy,
R4

to€[0,00) TR J 1

which entails Equation (77) on the previous page. Now by Lemma 8 on p. 30 and
Equation (77) the last summand in the right-hand side of Equation (75) on the
previous page tends to zero uniformly on 0 <t, <t,+t < T, x € R%.

Thus we obtained that

sup  sup I} (tg,t,x) = 0, n— co.
0<to<to+t<T xcRd

Using the similar argument we get

sup  sup [2(tg,t,x) = 0, 1n— co.
05t0<t0+tST xeR4

This ends the proof. ]
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