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Abstract

In this paper, we consider the space of entire functions with normal type
growth for a given proximate order and a continuous linear operator from such
space into itself which is defined by a partial differential operator of infinite
order. We will study corresponding partial differential equations with variable
coefficients in the cases of regular singular type and of Korobeinik type.

Keywords: entire functions in several variables, partial differential operator of
infinite order.
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1 Introduction

A linear operator acting continuously and locally on the holomorphic functions is
represented as a partial differential operator of infinite order, more precisely a con-
tinuous morphism of the sheaf of holomorphic functions on a complex domain or
complex manifold is characterized by a local partial differential operator of infinite
order with the symbol being of minimal type with respect to the differential vari-
able?, so in the complex framework, it is quite natural to consider the infinite order
PDE. Commenced first by Bernard* and then by André®, many people studied the
infinite order PDE with constant coefficients and its generalization, the convolution
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2Graduate School of Science, Course of Mathematics and Informatics, Chiba University, Japan

3Ishimura, 1978, “Homomorphismes du faisceau des germes de fonctions holomorphes dans lui-
méme et opérateurs différentiels”;

Ishimura, 1980, “Homomorphismes du faisceau des germes de fonctions holomorphes dans lui-
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equation in each situation (for example Sébbar 1971, Morzhakov 1974, Berenstein
and Struppa 1987, Ishimura and Okada 1994, Abanin, Ishimura, and Le Hai Khoi
2012). Nevertheless there are not so many results concerning the variable coefficient
PDE of infinite order (see Korobeinik 1959, Korobeinik 1962, Steen 1971, Ishimura
1985, Aoki 1988).

In the preceding paper Ishimura (2007), we proved that any continuous linear
operator from the space of entire functions of normal type with respect to a proxi-
mate order in itself is represented by a partial differential operator of infinite order.
Recently Aoki, T., Ishimura, R., Okada, Y., Uchida, S., and Struppa, D. C. gave
the complete characterization of such operator by partial differential operator as
a growth condition of its symbol (arXiv:1805.00663). There we characterized also
the continuous linear operator of the space of minimal type entire functions in itself
as partial differential operator of infinite order.

In the present paper, we will consider infinite order partial differential equations
in the space of entire functions of normal type with respect to a proximate order.
We will give solvability conditions for the cases of differential equations of regular
singular type and for the higher order case, of Korobeinik type.

2 Notations and recall

In this paper, we employ same notations as the preceding paper Ishimura (2007):
for a point z = (zy,2,,...,2,) € C" and setting IN := {0,1,2,3,...}, for multi-indices
a=(ay,ay,...,a,)and B =(B1, B2 .., fn) € N", we set:

ehim P 2ol + ot lalimaag et a,

|z| := (|21|,|22|,...,|zn|), al:==alay! -,
dll !
D*=D{ = —(—F——=~ (a) -
0z,'9zy" --- dz," B (a-pB)Ip!

In the sequel, we will sometimes denote |;| < r instead of |?| <(r,...,7).

We recall several notions and properties concerning the spaces of entire functions
with growth order: principally, we will follow Lelong and Gruman®. Let w(z) be
any real-valued continuous function defined on C” and consider the space of entire
functions with growth with respect to w:

B, := {f € O(C")

I, == SuQ};)f(z)e‘w(z)| < +c>o},

6Lelong and Gruman, 1986, Entire functions of several complex variables.
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3. The space £P1")

This is a Banach space with the norm ||-||,,. In this article, we will make use of the
notion of proximate order introduced by Valiron (1923): a differentiable function
p(r) = 0 defined for r > 0 is said to be a proximate order if it satisfies

(i) lim p(r)=p,

r—+00

(ii) r1—1>I-Poop (r)rlnr =0.

It is well-known that in the case where p > 0, there exists ry > 1 such that for r > ry,
the function rP") is strictly increasing (tending to +c0), and if p > 1, r?()1 is also
strictly increasing (tending to +c0). We have

d (r) (r)-1{

— P\ =P (p (r)rlnr+p(r)).

dr
We fix a differentiable function r = ¢(t) defined for t > 0 being the inverse function
of t = rP") for large t and for any q € IN, we set

<p(q)")fq’_

o 1)

Agi=Apg = (
As in Ishimura and Miyake (2007), setting w,(z) := o|z|°?) for o > 0, we define
the locally convex space of entire functions of type at most o > 0 with respect to
a proximate order p(r)

E?" .~ limB

e>0

Wo+te

which is (by taking a decreasing sequence (¢;) tending to 0 instead of all ¢ > 0)
a (FS)-space as the following asserts:

Lemma 1 - Ifs, >s; >0, the inclusion map BwSl — Bw52 is compact.

Lemma is proven for example, as same as Martineau (1967, Lemma 1).

3 The space £°")

In this article, we consider the space of entire functions of normal type with respect
to the proximate order p(r):

Definition 1 -

£P1 :=1im B,
e o
0>0

which is a (DFS)-space.
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For any function f =} o fa2® € O(C"), we set

Hy(f)=H,:= sup‘Pq(z)| with  Py(z):= Zfaz“.

<
lzI<1 lal=q

We recall Lelong and Gruman (1986, Theorem 1.23):

Theorem 1 — Let f be an entire function of finite order p > 0 and of proximate order p(r).
Then its type o with respect to p(r) is given by

1 1 1 Inp
—Ino =limsup(—1nH, +In ¢( ))————.
P q—>+oop(q A AP

Using the Theorem 1, we have:

Lemma 2 - An entire function f(z) =), f,z% belongs to Eg(r) if and only if

[4

limsup(Hqu’q)q <o. (2)
qHOO

(

Proof. In fact, f € E} D is equivalent to saying for any ¢ > 0, there exists D, > 0 such

that we have
|f (2)] < D, - e¥oc® = D, . elo+e)"
for all z€ C", that is, setting M¢(r) := sup|z|<r1n|f(z)|, we have

limsu ) < limsu InD, + (0 + g)rp(r) =0
r—>+oop rf’(’) - r—>+oop T’p(r) -

In view of Theorem 1, this is also equivalent to say that we have

limsup (S InH, + pln(p(q)) —In(ep)<Ino:

g+
this means (2). O
Corollary 1 - In the hypothesis of Lemma 2, we have:

e
q
limsup (Tnlax|fa|Apyq) <Vr'o (3)
al=q

g—00

(r)

Conversely if we assume this inequality, we have f(z) € Epnpa.
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3. The space £P1")

Proof. By using Cauchy’s inequality, we have

|fal = %|9apq(0)| <r S_1)1p|Pq(z)| = sup|P,(2)

here we denoted (r,...,r) simply by r. As |z| < r implies |z| < \/n r for any r > 0,
setting v := z/\/E, we can continue

sup|P,(z)| < sup |Py(2)| = sup‘Pq(\/ﬁv)' =+n' sup| P, (z)| = Vn'H,.

<1 lzl<vin lvl<1 lzI<1

By the Lemma 2 on the preceding page, for any ¢ > 0, if ¢ = |a| > 0 is large enough,
we have

(1fal40a)

so we have (3).
Conversely if we have (3), for any ¢ > 0, there exists C > 0 such that for
|a| = g > 1, taking into account the fact

Hg;:(n+q—1):(1+ q )(1+ q )...(1+%)<(q+1)n—1’

=D
=D

< \/ﬁp(Hqu,q) <V (o+e)

q n—1 n—-2
we have
H, = sup|Pq(z)| < sup ZlfaHzlq

lzI<1 l2I<1 | 412

lal=q
q H" 9 n—1
<( npa+e)p A <(\/EPG+€)F) S

Apyg Ao

=

4
q

ie. limsupqﬁw(Hqu,q) <nfoas limsup,_,,((9+ 1)"1)4 = 1 and so we have

(r)
f(z) e ES%. O

By this Corollary, we obtain the following result:
Proposition 1 — An entire function f =Y, f,z* belongs to ") if and only if we have
1
q
limsup (max|fa|Ap,q) < +o00. (4)
q—+o0 lal=q
As for the norm of B, , we have

Proposition 2 — For f =}, f,z% € By, , there exist C,D > 0 such that we have

Ifll,, <C Z( ZlfaquAq).

g€N Ya|=g
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and for any o € IN",
C' DA Il <IIf I, - (5)

Proof. Ishimura and Miyake (2007, Lemma 1) assures that there exist C,D > 0 such
that for any a, we have

llz%[l,,, < CDIA; (la|=q)
and so
i, < Y Vbl <€ Y (Y 5l07,)
acN” 9eN =g

As in the proof of Lelong and Gruman (1986, Lemma 9.2), by Cauchy’s formula in
one variable A € C, for any ¢q, we have

SR B S (0

= dA:
1 21 [A=1 /\q+1

so for any r > 0, we have

eo‘rf’( )
sup g < sup[|f(2)e_w"(z)|r—q)

|zl=r

and then for any r > 0, we have

[Py(2)] e
q
Sup |Z|q < “f”w(r Tq :

|zl=r

orP(1)
as in the proof of Lelong and Gruman (1986, Lemma 9.2), the function % of

r attains its minimum which, by choosing C,D > 0 large enough, is estimated by
CD1/A,: therefore we have the inequality

C_ID_qu sup |P|q(z)|
z

o <Ifl,

As by the proof of Corollary 1 on p. 72, setting g = |a|, we have

Py(2)
|fal < VT sup| P, (z)| = nqsup| 27 |
|z|=1 z |z|
taking C, D > 0 large enough, we have (5). -
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4. Duality between the spaces £°") and Eg*(s)

4 Duality between the spaces £°(") and Eg*(s)

In this section, we will study the dual space of £(") (c.f. Lelong and Gruman 1986,
Theorem 9.5 and Theorem 9. 16) In the rest of this section, we will suppose p > 1:
in this case, the equation s = r?(")~! has the unique solution r = A(s) for any s large
enough. A proximate order p*(s) is said to be a conjugate proximate order of p(r) if it
satisfied for large s (so for large r)

cgym P e L L
p*(s) := ol -1 ie. p(r)+p*(s) 1. (6)

It is easy to see that any differentiable function p*(s) satisfying (6) for large s is in
fact a proximate order (see for example Lelong and Gruman 1986, Prop. 9.4). In this
section, we will take a conjugate proximate order p*(s). Set p* :=limy_,,, p*(s) > 1.

As the case of r = ¢(t), let s = ¢*(u) be a differentiable function being the inverse
function of u = s?"(¥) when u is large enough. We set also

* * i*
P (q)f \°
ep* '

Ay =Ap = ( (7)

Now consider the space Eg%(s) of entire functions of minimal type with respect to
p*(s), which is an (FS)-space: we will show that it is the dual space of £°lr)

The function z > e*¢ is in £ if p>1: forany T € (£P(N)’, we denote its
Fourier-Borel transform by

T(C) = T(e™).
Proposition 3 — Suppose p > 1. The map

T T:(ery S e (8)
is a continuous bijection of Fréchet spaces so it is an isomorphism.

Proof. For r > 0 large enough, we will find the upper bound of the function

h(r) = h(r,C):= sup(Rez-C - wa(z)) =r[C| - arP)

|z|=r

For this, we remark that for large |C|, the equation

W) =[el=or™ 1 (p/(r)rinr +p(r)) = 0 ©)
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has unique solution ry = r(C) (> 1): in general, it is not possible to know its exact
value, but for any 6 > 0, if |C| is large enough, we have

(0" rorro nro + ptro) )~ p| < &
so by the (9), we have

|| < 7oPr0)-1 ||

alp+o) ° o(p-0o)

Therefore for some ¢ > 0, we have

h(r,C) < h(rg, C) = ro|C| — orgPl0)

g\ g\t
<(Mp—&) |q_(dp+&)

as
1 ( 1) 1 1 ( l) 1
ol :(_ro +0(8):
o(p+0) op
P('())
we may replace 6 by ¢! (op - 1)((%9)p ' 6 and then we continue

1 p?r(()% p(ro) |C] \plro)-1
<(1+6)(ap—1)(a—p) |C|etro)-t =(1+5)(GP_1)(U—p)

As for large || (so rg > 1), setting s := ro?"0)"1, we have
0= H(1g) = 2] = 010 p'(r)ro I g + (1)) < [c] = 50 = )
and

0= (1) =[C| - 770" (' (ro)ro Inrg + p(ro) ) > 2]~ rsolp + 6,
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4. Duality between the spaces £°") and Eg*(s)

we have

IC| IC| ) IC| ’ 500
< S < 1.e. — =Syl < —.
alp+0) " a(p-0) ap | p

As p*(s) is a proximate order, with some 6 such that 0 <6 <1, we have

(e (o

<p*(u)+ 1 .@
op (50—56)1n(50—5(’?5) Y

0T
=p*(ﬁ)+ 6 <p*(ﬁ)+ :
e (p—é)ln(SO( ‘3)) w 1n(U(lf+'b)(l—§))
e )
() Aol (i -0)

)
op Inkl-35
if |C| large enough and if p— 6 >1 and In(1 — 206) > —36: so we have

p(ro)

4 )(

sup(Rez-C—wa(z)) =h(r,C) <(1+0)(op— 1)(

|z|=r op
q Ly
=(1+0)(op- 1)( ) <(1+9)(op- 1)( ) . (10)
op op
Setting t := Cfl) for 0 <0 « 1, if t > 0 is large enough, we have
h(r,C) . 26 26
_— 1 P (t)Jrln - = ( * )1
N T o) op_1) < miT TR =00+ g it
<p'(t)Int+35 =IntP"® +35 <IntP’ (0P 4 45
as by, for example, Lelong and Gruman (1986, Theorem 1.18), we have o) <ed:

(0PI
thus we have

_ WO s prepn)
(+o)op-1) ' '
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Therefore for large |C|, continuing (10), we have

sup(Rez-C —wa(z)) =h(r,C)<(1+6)(op—- 1)e? ( )

op
= (1+8)e®* || WD = (1 + 8)e* o™ w*(T) (11)
here we set 0" := (ZZ)I (which is decreasing as a function of ¢ > 1 and tending to 0

if o tends to c0). Thus for any ¢ > 0, there exists a constant C = C, > 0 such that we
have

()] = [T < ITls,, -], = 1Tlis,,  -supexp(Rez-C ~w, (2)

<CITls,, - exp((0” + epw'(0))
where [|T||, )= supj s, _1|T(f)| is the operator norm of T in (B, )": so T > T is

a continuous map (£P")) — Ep which is evidently injective.

Conversely taking into account of Corollary 1 on p. 72 for p* instead of p and in

the case 0 = 0, an entire function F(C) =) F,C“ belongs to Eg*(s)

have

if and only if we

1

q
llmsup(max|F |Ape q) =0:

g—00

by (7), for any € > 0, there exists C > 0 such that for any g > 0, we have

max |F .
lal= ql al< fp*(q)q

Now take any F(C) =) F,C% € Ep and set for any f(z) = Y f,z% € £P1)
Tf:= Z alfyFy : (12)
acN"

we prove that this is in fact convergent and so well-defined. By Proposition 1 on
p- 73, taking into account (1), there exist C’ > 0 and D > 0 such that for any g > 0,
we have

max .
lal=q al < qo(q)q

L 1
Setr=r,=¢@(q) and s =s, = ¢*(q) i.e. q*") =1,q°"¢) =, then for any a with |a| =g,
we have
al < q1
P(@)ie=(g) ~ (rs)?
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5. Partial differential equations of infinite order in £P(")

and thus (12) is convergent, that is T is in fact, an element of (£P("))" and we have

T(C):TZ(eZ'C):T( ) —_C“ ) Y CUF.=F(C

aeclN" acN"

and thus T+ T : (£P0)Y — Eg*(s) is a continuous bijection and so by a Theorem of
Banach, it is in fact an isomorphism of Fréchet spaces. O

5 Partial differential equations of infinite order in £°(")

We proved that any continuous linear operator from £P'") into itself is represented
by an infinite order partial differential operator of the form

P=P(zD.)= ) aq(z)D¢

a€eN"

_1
such as witha o > 1, Zae]NnHaanga!l ¢ C% is holomorphic at 0.7 We call
=) aa(x)c
|a|=0

the symbol of P: Expanding each coefficient

Ji= ) ahf

BEN”

we define at least formally the transpose of P = P(C, D ):

'P:='P(C,Dy) = ) aﬁca)Df.

ﬁEIN”((XGN"

For a formal power series f(z):=)_,, f,z" € C[[z]], we see formally

P(z,D,)f(z) = Z[ Z( Z - /\)fv]zl‘
pelN*\yeIN"

Ay,

7Ishimura and Miyake, 2007, “Endomorphisms of the space of entire functions with proximate order
and infinite order differential operators”.
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thus by the identification f — (f,): C[[z]] = €', the operator P: C[[z]] - C[[z]] is
identified with the infinite matrix which we call its characteristic matrix

v! -2 n n
Cp:=(ch) V::( Fa’v‘A) A (13)
F A<p,y ’ wv

Similarly for F(C) =), F,C” € C[[C]], we have

vl
'P(C, Do)F(C) = Z( ( ;a;_i)ﬂ]w:
HEN"\veN" \Agpu, v~
so we have
v V!
Crp = ( ;ﬂ;_:\\) = (—'C;:) . (14)
A<p,y ’ wv s wv

Now we will consider the partial differential equation in £P("):

[o¢]

Pz D.)f = ) aq(2)DEf(2)=¢.

|a|=0

By (13), expanding f =}, enn fv2", 8 = L jenn 82", this means formally

2}
ZCgfvE Z(Zﬂa’;_/\)ﬂ,:gﬂ (for any peIN"). (15)
velN" veIN" }iv
<

In this article, as in Ishimura (2007), we will study the following two cases: partial
differential operator of infinite order P = ZIOEIZO a,(z)D? of

(I) regular singular type, that is, each a,(z) is divisible by z%

a,(z) = Zaﬁzﬁ :

a<p

(II) Korobeinik type, namely, each a,(z) is a polynomial of order < «

au(z) = Zagzﬁ.

B<a
This second type operator was first studied by Korobeinik (1959) in one variable

case; we remark also Korobeinik (1962) and van der Steen (1971) studied the
operators of first type, always in one variable case.
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5. Partial differential equations of infinite order in £P(")

(O) We will call P an operator of Euler type if it is regular singular type and
Korobeinik type at the same time i.e. with a constant a, € C, P has the form

P= i a,z*Df.

|a|=0

Theorem 2 — Let a continuous linear operator P : EPU) — £P1) be of regular singular
type as differential operator. Suppose the following conditions hold: there exist C,R,x > 0
such that

1. for all p € IN", we have

[
Z BT

ASp

C_l Kl}"l <

’

2. whenever v < u, we have

Then P: £PU) — £°U) is surjective; so is an isomorphism of Fréchet spaces.
Proof. Assume that Pf = g€ &P") and expand f =Y, f,2",¢ = 2, guz!: taking into
account that in this case, (15) is just ZVGNH(ZKV j\’—',ag::\\) Y = Lo<u chf, = gy, the

condition (1) assures that the coefficients (f,) are determined uniquely from (g,)
and so, in view of Proposition 1 on p. 73, it suffices to show that there exist D,K > 0
such that for all y € IN”, we have

[l
1fy|<D-f—M: (16)

we argue by induction on g := |y|. First we remark, by the condition (1) and
Proposition 1 on p. 73, there exist Dy, L > 0 such that for all y € IN”, we have

— < Dy——-. (17)

Assuming the condition (2), take any K > max(L,R,C) and D > D so that for all
ueIN", we have

Dy ( L\ K"
3(?) +C'(—(K_R)n—l)<l.
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For q = |p|, we have

A c. '”'R|” I.D. KV [ q (E)M_Kq]
|C’4 ;'Cva ; | Aq VZSI;
CD K\" K\
S E L (7)) L (R) -
ViSH VuSHy
o[ (BT (R
Aq k-1 x-1
gC_D q (%)q+nn—Kq
)

CD|( Kt K1 K"
=== = _K¢4 :CD-—(——I).
A, ((K—R)" ) Ay \(K=R)"

Therefore, by (17), we have

8
wﬁ N

1/<;4
L1 K1 K" K1
<Dy-—+CD- -1
", T A, ((K R)" )
that is (16) as desired. |
In particular, when P is of Euler type, we have:

Corollary 2 — If P is of Euler type, then P: £P\) — £PU) is an isomorphism if and only
if there exist C,x > 0 such that for any y € N", we have

y e

ASpu

C- lKlf"l <

Proof. We need only to prove the "only if" part: in fact, taking g =}, ﬁ and
L
f := P~'g, by Proposition 1 on p. 73, with some C, x > 0, we have

1 -
EE [fulAy < Cx71. O
4
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5. Partial differential equations of infinite order in £P(")

Example 1 - Suppose n =1, p > 1. In the following cases, P =} a,(z)D® satisfies
the condition of Theorem 2 on p. 81:

(i) with k> 0, set

kOt
«  FP=a
e S .
@ T ﬂ =a+1
0 otherwise
(ii) with k = -1, set
kD{
ol p=a
B a
ay:={ (-1)
al(p—a)! p>a
0 otherwise

Theorem 3 — Suppose p > 1. Let a continuous linear operatorm P : ) — £P() be of
Korobeinik type as partial differential operator. Suppose the following conditions hold:

1. there exist C,« > 0 such that for all y € N", we have
Y

Zﬂlﬂ?\

Ay

C- lKlﬂl <

2. for any 6 > 0, there exists M = My > 0 such that whenever |u| > M and v < y, we

have
|Z Lav—/\| *
AV AT p-A M slu=v]
=<
Z 1 p=A Ar
A<p AT%-A |pl

Then P: £PU) — £°U) is surjective; so is an epimorphism of Fréchet spaces.

Proof. In the case, the characteristic matrix Cip = (;;—,'c;j )M , (see (14)) being "lower

diagonal”, P is injective: so by virtue of the closed range theorem, we only need

to show that tP(Eg*(S)) is closed in Eg*( ). let Th e EP be a sequence so that the

( )

sequence S/ := 'P(T7) is a Cauchy sequence in Eg . We will show that the se-

quence (T7) is a Cauchy sequence in Ep*(s) i.e. for any 0 > 0 and any ¢ > 0, there
exists N > 0 such that for any i,j > N, we have “Tl T]” < €. Now expanding

Tj(C) = ZyelN” T,fC/‘, and SJ(C) = ZME]N" S,,C", taking into account of Proposition 2
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on p. 73, we will show by induction, that for any ¢ > 0, there exists N > 0 such that
for any i,j > N and any p € IN”, we have

elul+1
Al
Remark for any y € IN", inductively, we have

e 1 = N DU
) 711 .
q—n_g«%—$}§lfxu—n»
M

v<p

7]

T -] <

(18)

by this, we first remark that for M = M; being fixed, there exists Cy; > 1 such that
whenever |p| < M, we have

IVI

i _ gl [l
|Tﬂ TF‘SCMS I*I}g/i(AH

The sequence (S7) being a Cauchy sequence, we may assume that taking N > 0 large
enough, for any i,j > N and p € IN", we have

| £ (ex )l
2Cym A||

so by (1), for all i,j > N and y € IN", we have then

-

|51 , (19)

elul+1 é|;4|+1

2CuA;, 2Aﬁ'

In the condition (1), we may of course assume 0 < ¥ < 1 and so from (19), if |u| < M,
we have

B (20)

elnl clpl+l

24 S A

|T1 ‘ |l |ul

(21)

thus we have (18) in the case |y| < M. For the case |y| > M, remark the following
Lemma 3 - If y € IN", then
|
Y e
v<pu K

For the proof, we only remark that in the case where n =1, if 4 = 0,1, it is evident
and if y > 2, we have

- 1 1

2
<l+=+(p-1) —
! T =) 1z




References

In the hypothesis (2), take 6 > 0 so that < ¢/2"*! and apply the Lemma: then for
=|p| = M, we have

g-1 Ar v
1 v! v(Ti ) v! q-v| . |V| e
i § e
o b= u! = u! Ay A|v|
B e+l L : vi(d q*|V|< et 5 (i yl o gdtd
vy ) '( ) AP Ay
o ¥ T SRt

this and (21) for the case |y| < M, combining with (20), imply the desired esti-
mate (18). |

Example 2 - Let n =1, p > 1. In the following cases, P = ) a,(z)D“ satisfies the
condition of Theorem 3 on p. 83:

(i) with k > 0, define
kll

ol p=a
B a—1

ag =14 (k) B

(@—1)! p=a-l
otherwise
(ii) with k = -1, define

th
ol f=a

dhi=(-DF( 1 Y

po\a-py) Pe°

0 otherwise
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