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Abstract

We introduce a new ‘geometric realization’ of an (abstract) simplicial com-
plex, inspired by probability theory. This space (and its completion) is a metric
space, which has the right (weak) homotopy type, and which can be compared
with the usual geometric realization through a natural map, which has proba-
bilistic meaning: it associates to a random variable its probability mass function.
This ‘probability law’ map is proved to be a Serre fibration and an homotopy
equivalence.

Keywords: Geometric realization, random variables, simplicial complexes.

msc: 55P10, 60A99.

1 Introduction and main results

In this paper we consider a new ‘geometric realization’ of an (abstract) simplicial
complex, inspired by probability theory. This space is a metric space, which has
the right (weak) homotopy type, and can be compared with the usual geometric
realization through a map, which is very natural in probabilistic terms : it asso-
ciates to a random variable its probability mass function. This ‘probability law’
function is proved to be a (Serre) fibration and a (weak) homotopy equivalence. This
construction passes to the completion, and has nice functorial properties.

We specify the details now. Let S be a set, and P%(S) the set of its finite subsets.
We set P (S) = P¢(S) \ {@}. Recall that an (abstract) simplicial complex is a collection
of subsets K C 7 (S) with the property that, for all X € Land Y € P{(S), Y C X =
Y € K. The elements of K are called its faces, and the vertices of K are the union of
the elements of K.

We endow S with the discrete metric of diameter 1, and with the Borel o-algebra
associated to this topology. We let () denote a nonatomic standard probability space
with measure A. Recall that all such probability spaces are isomorphic and can
be identified in particular with any hypercube [0,1]", n > 1, endowed with the
Lebesgue measure. We define L((),S) as the set of random variables () — S, that is
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Simplicial random variables I. Marin

the set of measurable maps () — S modulo the equivalence relation f = gif f and g
agree almost everywhere, that is A({x; f (x) = g(x)}) = 0. We consider it as a metric
space, endowed with the metric

d(f.g) = L d(F (1), g()d = A ({x € Qs f(x) # g(x)).

We define L(Q, K) as the subset of L(€),S) made of the (equivalence classes of)
measurable maps f : Q) — S such that {s € S|A(f~'({s})) > 0} e K.
Recall that the (usual) ‘geometric’ realization of K is defined as

|IC|={t:S—>[O,1] (s S5t >0} €K & Ztszl}

ses

and that its topology is given by the direct limit of the [0,1]* for A € P(S). There is
a natural map L(Q), K) — |K| which associates to f : Q — K the element ¢ : S — [0, 1]
defined by t, = A(f~!({s})). In probabilistic terms, it associates to the random
variable f its probability law, or probability mass function. We denote |K|; the same
set as |K|, but with the topology defined by the metric | — |} = ) .5 la(s) - B(s)|. We
denote |K]|; its completion as a metric space.

It is easily checked that, unless S is finite, L(Q, K) is not in general closed in
L(Q,S), and therefore not complete. We denote L(Q,K) its closure inside L(Q, S).
The ‘probability law’ map W : L(Q),K) — |K]|; is actually continuous, and can be

extended to a map W : [(Q,K) — |K|;. Keane’s Theorem about the contractibility
of Aut(Q) (see Keane 1970) easily implies that these maps have contractible fibers.
The goal of this note is to specify the homotopy-theoretic features of them. We get
the following results.

Theorem 1 -
1. The map L(Q,K) — L(Q,K) is a weak homotopy equivalence.

2. The ‘probability law’ map L(Q,K) — |K|; is a Serre fibration and an homotopy
equivalence. It admits a continuous global section.

3. The ‘probability law’ map L(Q, K) — |K|, is a Serre fibration and an homotopy
equivalence. It admits a continuous global section.

4. L(Q,K) and L(Q, K) have the same weak homotopy type as the ‘geometric realiza-
tion” |K| of K.

In particular, in the commutative diagram below, the vertical maps are Serre
fibrations, and all the maps involved are weak homotopy equivalences. When
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2. Simplicial properties and completion

K is finite, L(Q,K) = L(Q), K) and we prove in addition that the map Wy = Wy is
a Hurewicz fibration (see Theorem 2).

L(Q,K) — L(Q,K)

l/\I’K l/\p}(
K| —— Kl —— Ky

We now comment on the functorial properties of this construction. By definition,
a morphism ¢ : K1 — K, between simplicial complexes is a map from the set |J X
of vertices of K; to the set of vertices of I, with the property that VF € Ky ¢(F) € K.
We denote Simp the corresponding category of simplicial complexes. For such an
abstract simplicial complex /C, our space L(Q2, K) has for ambient space L(Q, S) with
S = UK the set of vertices of K.

Let Set denote the category of sets and Met; denote the full subcategory of the
category of metric spaces and contracting maps made of the spaces of diameter
at most 1. Here a map f : X — Y between two metric spaces is called contracting
if Va,b € X d(f(a), f(b)) <d(a,b). Let CMet; be the full subcategory of Met; made
of complete metric spaces. There is a completion functor Comp : Met; — CMet;
which associates to each metric space its completion. Then L(Q,-) : X ~> L(Q), X)
defines a functor Set — CMet; (see Marin 2017). It can be decomposed as L((2,-) =
Comp o L¢(Q),-) where Lg(Q), S) is the subspace of L(Q, S) made of the (equivalence
classes of) functions f : (3 — S of essentially finite image, that is such that there
exists So C S finite such that ) g A(f(fs)) = 1.

We prove in Section 2.1 below that our simplicial constructions have similar
functorial properties, which can be summed up as follows.

Proposition 1 - L(Q,-)and L(Q, -) define functors Simp — Met; and Simp — CMet,,
with the property that L(Q,-) = Compo L(Q),").

2 Simplicial properties and completion

In this section we prove part (1) of Theorem 1. We start by proving the functorial
properties stated in the introduction.
2.1 Functorial properties

We denote, as in the previous section, L(Q, K) the closure of L(Q), K) inside L(Q, S).
As a closed subset of a complete metric space, it is a complete metric space. For any
f € L(Q),S), we denote

F(Q)={seSIAf (fs)) > 0}

the essential image of an arbitrary measurable map (Q — S representing f.
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Lemma1- Let f € L(Q,S). Then f € L(Q,K) if and only if every nonempty finite
subset of f(Q)) belongs to K.

Proof. Assume f € L(Q),K) and let F C f(Q) be a nonempty finite subset as in the
statement. We set m = min{A(f~!({s}))|s € F}. We have m > 0. Since f € L(Q,K),
there exists fy € L(Q),K) such that d(f, fy) < m. We then have F C f(Q2). Indeed,
there would otherwise exist s € F \ f,(Q), and then d(f, fy) > A(f ' ({s})) > m, a con-
tradiction. From this we get F € K. Conversely, assume that every nonempty
finite subset of f(Q) belongs to K. From Marin (2017, Proposition 3.3) we know
that f(Q) c S is countable. If f(Q) is finite we have f(Q)) € K by assumption
and f € L(Q),K). Otherwise, let us fix a bijection N — f Q), n+— x,, and define
fn € L(Q),S) by f.(t) = f(t) if f(t) € {xg,...,x,}, and f,(t) = xo otherwise. Clearly
f,(Q) C f(Q) is nonempty finite hence belongs to K, and f, € L(Q),K). On the
other hand, d(f,, f) £ ¥ jo, A(f 1({xx})) = 0, hence f € L(Q, K) and this proves the
claim. O

We prove that, as announced in the introduction, L(Q),-) provides a functor
Simp — CMet; that can be decomposed as Comp o L((2,-), where L((),-) is itself
a functor Simp — Met;.

Let ¢ € Homgimp (K1, K7) thatis ¢ : [JK; — K, such that ¢(F) € K, for all F €
K1 If fel(Q,K), g§=L(Q,¢@)(f) =@o f is a measurable map and g(Q) = ¢(f(Q2)).
Since f(Q) € K; and ¢ is simplicial we get that ¢(f(Q)) € K, hence g € L(Q), K5).
From this one gets immediately that L((Q),-) indeed defines a functor Simp — Met;.

Similarly, if f € L(Q,K;)and g = @ o f = L(Q, ¢)(f) € L(Q), S), then again g(Q) =
@(f(Q)). But, for any finite set F C g(Q) = ¢(f(QQ)) there exists F’ C f(Q) finite and
with the property that F = ¢(F’). Now f € L(QQ,K;) = F’ € K1, by Lemma 1, hence
F € K, because ¢ is a simplicial morphism. By Lemma 1 one gets ¢ € L(Q, k), hence
L(Q),-) defines a functor Simp — CMet;. We checks immediately that L(Q,-) =
Comp o L(€),-), and this proves Proposition 1.

2.2 Technical preliminaries

We denote by 2 in the notation L((2, 2) a set with two elements. When needed, we
will also assume that this set is pointed, that is contains a special point called 0, so
that f € L(Q, 2) can be identified with {t € Q; f () = 0}, up to a set of measure 0. Note
that these conventions agree with the set-theoretic definition of 2 ={0,1} = {2, {®}}.

Lemma 2 - Let F be a set. The map f w {t € Q; f(t) & F} is uniformly continuous
L(Q,S) — L(Q),2), and even contracting.

Proof. Let fi,f, € L(Q),S), and ¥ : L(Q),S) — L(Q),2) the map deﬁned by the

statement. Then W(f;)(t) = V(fL)(t) = fi(t) fz t), hence d(\WW(f1)(t), V(f>)(t
d(fi(t), f2(t)) for all t € Q) and finally d(W(f1), V(1)) < d(f1, 1), whence W is con-
tracting and uniformly continuous. O
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2. Simplicial properties and completion

Lemma 3 - Leta,b,c,d e Rwitha<bandc<d. Then
Ala, b\ e, d[) <la—c|+|b-d|.

Proof. There are six possible relative positions of ¢ < d with respect to a < b to
consider, which are depicted as follows:

In three of them, namelya<b<c<d,c<d<a<b,andc<a<b<d, wehave
A([a,b]\]c,d[) =0. Incase c <a<d <b,wehave A([a,b]\ ]c,d[) = M[d,b]) = |b—d| <
la—c|+|b—d|. Incase a<c<b<d, wehave A([a,b]\]c,d]) = Mac])=la-c| <
|a—c|+|b—d|. Finally, when a < ¢ <d < b, we have A([a,b]\ ]c,d[) = A([a,c]U[d,b]) =
|a—c|+|b-d|, and this proves the claim. ]

Lemma 4 - Let A" ={a =(ay,...,a,) e R |a; +---+ a, = 1} denote the r-dimensional
simplex. The map A" — L(Q,{1,...,r}) defined by a — f, where f,(t) =i iff t €
[a; + -+ aj_y,a; + -+ ;] is continuous. More precisely it is 2r-Lipschitz if A is
equipped with the metric d(a, a’) = Y ;|a; — al.

Proof. We fix an identification QO ~[0,1]. Let ¢, &’ € A". We denote ; = a1 +---+ «;,
Bo = 0, and we similarly define the /. We have ; — i_; = a; hence |8 - B;| <
Y k<ilay —arl and finally ) ; B/ — il < r Y ;|a; — a;|. Now, for t € [B;, Bi1[ we have
falt) = for(t) unless t € [B7, B/, [. From this and Lemma 3 we get that d(f,, f,’) is no
greater than

Y A(1BirBisa [NIBL B l) < ) 1B = Bi1+ it = B
i=1 i=1

r T
<2) Ipi-pl<2r) Jai-a]l
i=1 i=1

and this proves the claim. O

Lemma 5 - Let K be a simplicial complex and X a topological space, and A C X. If
Y0, 71 : X = L(Q, K) are two continuous maps such that Vx € X y,(x)(Q) C y1(x)(Q),
and (yo)ja = (¥1)a, then yo and y, are homotopic relative to A. Moreover, if yo and y;
take value inside L(C), K), then the homotopy takes values inside L(€), K).

Proof. We fix an identification QO ~ [0,1]. We define H : [0,1] x X — L(Q,S) by

H(u,x)(t) = yo(x)(t) if t > u and H(u,x)(t) = y1(x)(t) if t <u. We have H(0,-) =
and H(1,:) = »;.
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We first check that H is indeed a (set-theoretic) map [0,1] x X — L(Q, K). For all
u €[0,1] and x € X we have H(u, x)(Q) C yo(x)(Q) U y1(x)(Q) = y1(x)(Q). Therefore
H(u,x)(Q) € K if y1(x) € L(Q), K), and all nonempty finite subsets of H(u,x)(Q2) C
y1(x)(Q) belong to K if y1(x) € L(Q), K). From this, by Lemma 1 we get that H takes
values inside L(Q), K), and even inside L(Q),K) if y; : X — L(Q, K).

Now, we check that H is continuous over [0,1] x X. We have d(H(u,x), H(v,x)) <
|u —v| for all u,v €[0,1] and, for all x,y € X and u € [0, 1], we have

1
d(y1(x)(t), " (y)(t))dt+f d(yo(x)(t), yo(p)(t))dt

u

d(H(u, ), H(u,y)) = L
1

1
<J d(y1(x)(1), 11 (y)(f))dt+j d(yo(x)(t), yo(y)(t))dt
0 0

=d(y1(x), 71(¥) +d(po(x), 70(»))

from which we get d(H(u,x), H(v,p)) < |lu —v|+d(y1(x), 1(v)) + d(vo(x), vo()) for all
x,v € X and u,v € [0,1]. For any given (u,x) € [0,1] x X this proves that H is continu-
ous at (u,x). Indeed, given € > 0, from the continuity of yy,; we get that, for some
open neighborhood V of x we have d(y(x), ¥0(v)) < &/3 and d(y1(x), y1(y)) < /3 for
all y € V. This proves that d(H(u,x), H(v,y)) < e for all (v,y) € lu —&/3,u +¢&/3[xV
and this proves the continuity of H.

Finally, it is clear that y((x) = 1 (x) implies H(u,x) = yo(x) = y1(x) for all u €
[0,1], therefore the homotopy indeed fixes A. O

2.3 Weak homotopy equivalence

We now prove part (1) of the main theorem, through a series of propositions, which
might be of independent interest.

Proposition 2 — Let C be a compact subspace of L(Q,K) and Cy ¢ CNL(Q,K) a (pos-
sibly empty) subset such that \J.cc, ¢(Q) is finite. Then there exists a continuous map
p: C — L(Q,K) such that p(c) = c for all c € Cy. Moreover, p(c)(Q2) C c(Q) forallce C
and J.cc p(c)(Q) is finite.

Proof. For any s € S and n € N* =N\ {0} we denote O;,, = {f € L(Q, S)| A(f L ({s})) >
1/n}. It is an open subset of L(),S), hence C;, = CN O, is an open subset of C.
Now, for every ¢ € C there exists s € S such that A(c™!({s})) > 0 hence c € Cs,y, for
some n. Then C is compact and covered by the C; , hence there exists sy,...,s, € S
and ny,...,n, € IN* such that C ¢ (Ji_; Os, ,.. Up to replacing the n;’s by their
maximum, we may suppose 1y = --- = n, = ng. Let then F’ = [ ¢, c(Q2) C S. We set
F={sy,...,s;JUF". Foranyie€({l,...,r} weset O; = O, .
For any c € C, we set Q. = {t € Q;c(t) ¢ F}, and

d(c,0;)
ai(c) = ¥, d(c,0;)
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2. Simplicial properties and completion

and fi(c) = ) i<; ax(c), where °X denotes the complement of X. These define contin-
uous maps C — R,. We fix an identification Q ~ [0, 1], so that intervals make sense
inside (). We then set

c(t) ifc(t)eF, ie. t&Q,

ple)(t) = {si if t € Q. N[Bi1(c), Bile)l

Let ¢y,c; € C and a?, s = 1,2 the corresponding r-tuples a°® = (ai,...,ai) e A’
given by &} = a;(c;). When t € Q. UQ,, we have p(c,)(t) = c4(t), hence

f d(p(er)(t), plea)(D)dt < f d(er (1), co()dt = d(cy.cs)
O\©Q,U0,,) 0

and we have

f d(p(er)(1),plea)()dr < A(Q, AQ,,) +f d(p(er)(t), plca) (1),
Q. UQ,, Q. NQ,,
Since we know that A(QQ;, AQ)) <d(cy,c;) by Lemma 2, we get

d(P(ﬁ):P(Cz))SZd(Cerz)JrL2 0 d(p(cy)(t), p(ca)(t))dt
1 NC¢,

and there only remains to check that the term IQ nQ d(p(cq1)(t), p(cy)(t))dt is con-
tinuous. But, by Lemma 4, we have b
[ apempenone= | dfam fur
Q. NQ,, Q. NQ,,
<d(fa1, fp2) < 2rla’ - a?)
whence the conclusion, by continuity of ¢ — a.

We must now check that p takes values inside L(Q2,K). Let ¢ € C. We know that
p(c)(Q)) C F is finite, and

p(e)(Q) Cc(Q) U{si;c € Oi}. O

But ¢ € O; implies that s; € ¢(Q2) hence p(c)(Q)) is nonempty finite subset of c(Q)).
Since ¢ € L(Q,K), by Lemma 1 this proves p(c)(QQ) € K and p(c) € L(Q, K).
Finally, we have p(c) = ¢ for all ¢ € Cy since F D F'.

We immediately get the following corollary, by letting Cy = {c},. ..,c,?}.

Corollary 1 - Let C be a compact subset of L(Q,K) and c(l),. ..,cg € CNL(Q,K). Then

there exists a continuous map p : C — L(Q, K) such that p(c?) = c? foralliefl,...,k}
Moreover, p(c)(Q) C ¢(Q) for all c € C and | cc p(c)(Q) is finite.
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Proposition 3 — Let C be a compact space, and xy € C. For any simplicial com-
plex KC, and any continuous map y : C — L(Q,K), there exists a continuous map
7 :(C,x0) = (L(Q, K), v(x¢)) which is homotopic to y relative to ({xo}, {y(xg)}), and such
that ,cc P(x)(Q) is finite.

Proof. Let C" = y(C) c L(Q, K). It is compact, hence applying Corollary 1 to it and
to {C?} = {y(xg)} we get a continuous map p : C’ — L(Q}, K) such that | J.cc p(c)(Q) is
finite, and p(c)(Q) c ¢(Q) for all ¢ € C’. Therefore, letting y =poy: C — L(Q,K),
we get that (J,cc 7(x)(Q) is finite. Since p(x)(QQ) C y(x)(Q) for all x € C, we get from
Lemma 5 that ¥ and p are homotopic, hence the conclusion.

Proposition 4 — Let C be a compact space (and xy € C), K a simplicial complex, and
a pair of continuous maps g, y1 : C = L(Q,K) (with yo(xg) = y1(x0)). If yo and y,
are homotopic as maps in L(Q, K) (relative to ({xo}, {vo(x0)})), then they are homotopic
inside L(Q, K) (relative to ({xo}, {yo(x0)}))-

Proof. After Proposition 3, there exists Yy, 1 : C — L(Q, K) such that 9; is homo-
topic to y; with the property that |, 7;(x)(Q) is finite, for all i € {0,1}. Without
loss of generality, one can therefore assume that (J,.c 7i(x)(QQ) is finite, for all
i €{0,1}. Let H: Cx[0,1] — L(Q,K) be an homotopy between y, and y;. Let
C’=H(Cx[0,1]) and Cy = y9(C) U p1(C). These are two compact spaces which
satisfy the assumptions of Proposition 2. If p : C" — L(Q, K) is the continuous map
afforded by this proposition, then H = po H provides a homotopy between ¥, and y;
inside L(Q, K). The ‘relative’ version of the statement is proved similarly. O

In particular, when C is equal to the n-sphere S”, this proves that the natural
map [S",L(Q,K)], — [S",L(Q,K)]. between sets of pointed homotopy classes is
injective. In order to prove Theorem 1 (1), we need to prove that it is surjective. Let
us consider a continuous map y : S” — L(Q,K) and set C = y(S™). It is a compact
subspace of L(QQ,K). Applying Proposition 2 with Cy = @ we get p: C — L(Q,K)
such that p(c)(QQ) € c(Q) for any c € C. Let then y = poy :S" - L(QQ,K). From
Lemma 5 we deduce that y and y are homotopic inside L(Q),K), and this concludes
the proof of part (1) of Theorem 1.

3 Homotopies inside L(Q,{0,1})

In this section we denote L(2) = L(Q, 2) = L(Q,{0,1}), with d(0,1) = 1. Since we are
going to use Lipschitz properties of maps, we specify our conventions on metrics.
When (X,dy) and (Y,dy) are two metric spaces, we endow X x Y with the metric
dx +dy, and the space C°([0, 1], X) of continuous maps [0,1] — X with the metric of
uniform convergence d(a, 8) = |lo — Bllco = sup,es la(t)— B(#)]. Recall that the topology
on C°([0,1], X) induced by this metric is the compact-open topology. For short we
set CO(X) =C%([0,1],X).
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3. Homotopies inside L(Q2,{0,1})

Identifying L(2) = L((,2) with the space of measurable subsets of () (modulo
subsets of measure 0) endowed with the metric d(E,F) = A(E A F), where A is the
symmetric difference operator, we have the following lemma. This lemma can
be viewed as providing a continuous reparametrization by arc-length of natural
geodesics inside the metric space L(2).

Lemma 6 — The exists a continuous map g : L(2) x [0,1] — L(2) such that g(A,0) = A,
AMg(A,u)) = AMA)N1 —u)and g(A,u) D g(A,v) for all A and u <v. Moreover, it satisfies

A(g(E,u) Ag(F,v)) <4MEAF)+[v—ul
forall E,F € L(2) and u,v € [0,1].

Proof. We fix an identification Q ~ [0,1]. For E € L(2) \ {@} we define ¢g(t) =
AME N[t,1])/A(E). The map @ is obviously (weakly) decreasing and continuous
[0,1] = [0,1], with ¢g(0) =1 and @g(1) = 0. It is therefore surjective, and we can
define a (weakly) decreasing map ¢g : [0,1] = [0,1] by ¢g(u) = inf(pgl({u}). Since
@k is continuous, we have @ (g (u)) = u.

One defines g(E,u) = EN [¢g(1 —u),1] if A(E) # 0, and g(@,u) = @. We have
A(8(E, u)) = MEN[¢p(1-u),1]) = p(p(1 —u))A(E) = (1-u)A(E) when A(E) # 0, and
Ag(@,u))=0=AE)1—-u)if M(E)=0. Itis clear that g(E,u) C g(E,v) for all u > v.

Moreover, clearly g(E,0) = E since E N [¢g(1),1] € E and ME N [Pe(1),1]) =
@e(Ye(1))A(E) = A(E). It remains to prove that g is continuous.

Let E,F € L(2) and u,v € [0,1]. We first assume A(E)A(F) > 0 Without loss of
generality we can assume g(1 —u) < ¢p(1 —v). Then [¢pg(1 —u), 1] D [¢p(1l —v),1],
and g(E, u) A g(F,v) can be decomposed as

(ENF)N[p(1—u), 1)U (F\E)N[pp(l -v)1])
U((ENF)N[¢p(1 —u), Pp(1-v)]).
Since the first two pieces are included inside E A F, we get A(g(E, u) Ag(F,v)) <
MEAF)+ A(ENF)N[Ye(l—u),pp(l1 —v)]). Now (ENF)N[Pe(l —u), pp(l-v)] =
(ENEFN[Pe(l—u), 1)\ (ENFN[¢p(l -v),1]) hence
AENF)N [¢p(1 —u), (1 -v)])
=MENFN[¢Yg(1-u),1))-A(ENFN[¢pp(l-v),1])
SAMEN[Yp(l—u),1)-MENFN[Pp(l-v),1])
<(1-uw)ME)-AMENFN[Pp(1-v)1])
Now, since F = (EﬂF)I_I(F\E),wehaveFﬁ[¢F(1—v),l]:((EﬂF)ﬁ[gbp(l—v),l])l_l
((F\E)N[¢E(1-v),1]) hence
(1=v)AF)=A(ENF)N[pp(1-v), 1))+ A(F\E)N[¢pp(1 -v),1])
(ENF)N[pp(1-v),1])+ AM(F\E)
(

=1
A
A(ENE)N[¢p(1 -v),1]) + A(FAE).

IA A
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It follows that —A((ENF)N[Pp(l —=v),1]) < M(FAE)— (1 -v)A(F) hence
AENF)N[Pp(l —u),pp(1-v)]) < (1 - u)ME) + M(F AE) - (1 - v)A(F)

and finally
A(G(E, u) Ag(F,v)) < 2AM(EAF) + (1 - u)A(E) - (1 - v)A(F)
< 2MEAF) +(ME) = AF)) + (v = ) A(E) + v(A(F) = A(E))
<2MEAF)+|ME) = MF)|+ v = u|ME) + v|MF) - ME)|
<2MEAF)+2|ME) - A(F)| + v —ul
<4MEAF)+|v—ul.

Therefore we get the inequality A(g(E, u)Ag(F,v)) < 4A(EAF)+|v—ul, that we readily
check to hold also when A(E)A(F) = 0. This proves that g is continuous, whence the
claim. O

We provide a 2-dimensional illustration, with QO = [0,1]2. The map constructed
in the proof depends on an identification [0,1]? ~[0,1] (up to a set of measure 0).
An explicit one is given by the binary-digit identification
0.e16963+-- > (0.€1€3¢€5...,0.6064¢86...)
with the ¢; € {0,1}. Then, when A is some (blue) rectangle, the map u +— g(A,u)
looks as follows:

Il . || L | | | 1 1 | "
u~00 u~01 u~02 u~03 u~04 u~05 u~06 u~07 u~08 u~0.9

The above lemma is actually all what is needed to prove Theorem 1 in the case of
binary random variables, that is S = {0, 1}, as we will illustrate later (see Corollary 2).
In the general case however, we shall need a more powerful homotopy, provided by
Proposition 5 below. The next lemmas are preliminary technical steps in view of its
proof.

Lemma 7 — The map C%(L(2)) x L(2) — C°([0,1]) defined by (E., A) — a where a(u) =
AE, NA), is 1-Lipschitz.

Proof. Let a, f denote the images of (E.,A) and (F., B), respectively. Then, for all
u €I, we have

la(u) = p(u)| = [A(E, NA) = A(F, N B)| < A((E, NA)A(F, NB))

From the general set-theoretic inequality (X NA)A(YNB)C(XAY)U(AAB)one
gets

A(E,NA)A(F,NB)) < ME,AF,)+ A(AAB),
hence [la - Bl < sup, A(E, AF,)+ A(A A B) and this proves the claim. O
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Lemma 8 — A map ®_: C°([0,1])x C(L(2)) x L(2) — C°(L(2)) is defined as follows. To
(a,E.,A) € C°([0,1]) x CO(L(2)) x L(2) — C°(L(2)) one associates the map

min(a(u)A(Ey), a(u))

D_(a,E,A): E,NA,1-
(0., A): 1 g E, o

if a(u) = 0, and otherwise u +— @, where a(u) = MANE,). Then, the map D_ is
continuous.

Proof. Let us fix (a,E., A) € C°([0,1]) x CO(L(2)) x L(2), and let & > 0. Consider i :
[0,1]x[e/12,1] — [0,1] be defined by #i(x,y) = min(x,y)/y. It is clearly continuous
on the compact space [0,1]x[e/12,1], hence unformly continuous, hence there exists
1 > 0 such that max(|x; — x|, |1 — v2l) <1 = |#i(x1, v1) — (X2, v2)| < /6. Clearly one
can assume 7 < £/6 as well.

Let us then consider (b,F.,B) € C%([0,1]) x C%(L(2)) x L(2) such that |la — b||o +
sup, A(E, AF,)+ AM(AAB) <1. From Lemma 7, we get |la — ||, < 7. Let us consider
Io={u €[0,1]|a(u) < /3}. We have by definition «([0,1]\ Iy) Cle/3,1] C [¢/12,1]
and, since ||a — Bl < €/6, we have B([0,1]\I) Cle/6,1] C [¢/12,1]. Moreover, since

|a(u)A(E,) = b(u) A(F,)| < la(u) = b(u)|A(E,) + b(u)|A(E,) = A(F,)]
< la(u) - b(a) + ME, AF,) <1
we get that, for all u ¢ I, we have |rfi(a(u)ME,)), a(u)) — m(b(u)A(E,), B(u))| < /6.
Moreover, since in particular a(u)f(u) # 0, we get from the general inequality
Ag(X,x)Ag(Y,y)) <4MXAY)+|x—y| of Lemma 6 that, for all u ¢ I,

d(D_(a,E,A)(u),D_(b,F.,B)(u)) <4A((E, NA)A(F,NB))
+|rir(a(u)A(E,), a(u)) — mi(b(u) A(F,), B(u))]
<4(ME,AF,)+ M(AAB))+¢/6
<4e/6+¢/6
<e¢
Now, if u € I, then ©_(a,E,A)(u) C E, N A hence A(P_(a,E.,A)(u)) < ME, NA) =
a(u)<e/3 and M(P_(b,F, B)(u)) < A(F, N B) = B(u) < &/3+¢/6 = /2, whence
d(DP_(a,E,A)(u),D_(b,F.,B)(u)) < MD_(a,E,A)(u))+ MD_(b,F., B)(u))
<5¢/6<e.

It follows that d (®_(a,E., A),P_(b,F., B)) < ¢ and ®_ is continuous at (a,E., A), which
proves the claim. O

We use the convention g(X,t) = X for t < 0 and g(X,t) = @ for t > 1, so that
g is extended to a continuous map L(2) x R — L(2). The notation “A denotes the
complement inside ) of the set A, identified with an element of L((2, 2).
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Lemma 9 — A map @, : C°([0,1])x C(L(2)) x L(2) — C°(L(2)) is defined as follows. To
(a,E.,A) € C°([0,1]) x CO(L(2)) x L(2) — C°(L(2)) one associates the map

D, (a,E,A):u>g|E,N(‘A),1-

if a(u) = ME,), and otherwise u — @, where a(u) = AM(ANE,). Then, the map ©, is
continuous.

The proof is similar to the one of the previous lemma, and left to the reader.

Lemma 10 — The map (f,g) > (t > f(t)U g(t)) is continuous C°(L(2))> — C°(L(2)),
and even 1-Lipschitz.

Proof. The map (X,Y)+— X UY is 1-Lipschitz because of the general set-theoretic
fact (X; UY])A(X,UY,) C (X1 AX,)U (Y] AY,) from which we deduce A((X; UY7)A
(Xo,UY;)) < AM(X; AX,)+ A(Y; AY;), which proves that (X,Y) — X UY is 1-Lipschitz
L(2)? — L(2). It follows that the induced map C°(L(2)?) = C%(L(2))?> — C%(L(2)) is
1-Lipschitz and thus continuous, too. O

The following proposition informally says that, when E. € C%(L(2)) is a path
inside L(2) with A C Eg, then we can find another path ®. € C%(L(2)) such that
@, C E,, for all u, and the ratio A(®.)/A(E.) follows any previously specified variation
starting at A(A)/A(Ey) — and, moreover, that this can be done continuously.

Proposition 5 — There exists a continuous map ® : C°([0,1]) x C%(L(2)) x L(2) —
CO(L(2)) having the following properties.

s forall (a,E.,A) € C°([0,1])xCO(L(2))xL(2) such that A C Eq and a(0)A(Ey) = A(A),
we have P(a,E,A)(0) = A

* forallue[0,1], ®(a,E,A)(u) CE, and M(P(a,E,A)(u)) = a(u)M(E,)
* if aand E. are constant maps, then so is ®(a, E., A).

Proof. We define ®(a,E,A)(u) = O_(a,E,A)(u) U D,(a,E,A)(u). By the definition
of @, in Lemmas 8 and 9, the last property is clear. By combining Lemmas 8,
9 and 10 we get that @ is continuous. Moreover, ®_(4,E,A)(u) C E, N A and
D, (a,E,A)(u) CE, N(°A) hence D(a,E,A)(u) =DP_(a,E,A)(u) U D, (a,E,A)(u) CE,,
with M(D(a,E, A)(u)) = M(D_(a,E,A)(u))+ A(D,(a,E,A)(u)). Letting a(u) = A(E,NA),
again by Lemmas 8 and 9 we get

M®_(a,E, A)(u)) = /\(g(Eu na,1 - min@AME) a(w)) ))

a(u)
=min(a(u)ME,), a(u))
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4. Probability law

and, since AM(E,,) —a(u) = ME,)-MANE,)=AM(‘A)NE,), M(D,(a,E,A)(u)) is equal
to

c max(ofa(u)/\(Eu) —a(u)) _

/\(g(Euﬁ(A),l— (A NE,) ))_maX(O,a(u)A(Eu)—a(u)).
Therefore we get A(P(a, E., A)(u)) = max(0, a(u)AM(E,,) — a(u))+min(a(u) A(E,), a(u)) =
a(u)ME,) for all u € [0,1]. Finally, since A C Ey and a(0) = A(EgNA) = AMA) =
A(Eg)a(0), we get that D(a,E,A)(0) =g(EgNA,0)UgEyN(°A),1)= A U =A, and
this proves the claim. O

As before, we provide an illustration, when A C Q is the same (blue) rectangle,
and E. associates continuously to any u € [0,1] some rectangle, whose boundary is
dashed and in red. In this example, the map a is taken to be affine, from A(A)/A(Ey)
to 0. The first row depicts the map u — E,, and the second row superposes it with
the map u + ®P(a,E., A)(u), depicted in blue.

| 1

| |

| | I . .
1 1 ! 1 L- - L—— [ [ L

S| Lol | R

u~00 u~01 u~02 u~03 u~04 u~05 u~06 u~07 u~08 u~0.9

=mEET=IE N N L L

L

u~00 u~01 u~02 u~03 u~04 u~05 u~06 u~07 u~08 u~09

4 Probability law

4.1 The law maps

Recall from Spanier (1966) that the weak (or coherent) topology on |K]| is the
topology such that U is open in || iff U N |F| is open for every F € K, where
|F|={a:F —[0,1]| Y cr a(s) = 1} is given the topology induced from the product
topology of [0,1]F. For each p > 1, we can put a metric topology on the same set, in
order to define a metric space |K|;, by the metric dj(a, B = {/Yses la(s)— B(s)IP. The
map K| — IICldp is continuous, and it is an homeomorphlsm iff || is metrizable iff
it is satisfies the first axiom of countability, iff IC is locally finite (see Spanier 1966,
p- 119, ch. 3, sec. 2, Theorem 8 for the case p = 2, but the proof works for p # 2 as
well).
For a : S — [0,1], we denote the support of a by supp(a) = {s € S|a(s) # 0}. Wi

let W, : L(Q), K) — |K]| be defined by associating to a random variable f € L(€, K) 1ts
probability law s — A(f 71 ({s})).
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4.2 Non-continuity of ¥,

We first prove that W is not continous in general, by providing an example. Let us
consider S =IN = Z, and K = P{(IN). We introduce

U:{aeIICI Fsupp(a

1
Vs=0 a(s) < —}
(a)
We note that U is open in |K|. Indeed, if F € K we have

UmlFI:{a:F—>[O,1]

1
;a(s): 1&Vsz0|a(s) < W}

which is equal to

U {a:G—>[0,1]

GCF\[0)

1
a(0)+S€ZGa(s)_1 &VseGl0<als) < #G+1}

and it is open as the union of a finite collection of open sets. Now consider \I’O_l (U),
and let fy € L(Q), K) be the constant map t — 0. Clearly ay = Hy(fp) is the map 0+ 1,
k—O0fork>1,and ag e U. If \I’O_l(U) is open, there exists € > 0 such that it contains
the open ball centered at f; with radius ¢. Let n be such that 1/n < ¢/3, and define
feL(0,1],K) by f(t)=0fort€[0,1-2/n[, f(t)=kforte[1-2+ 5L 124K
and 1 <k <n?, and finally f(t) = n®>+1 for t € [1 - 1,1]. The graph of f for n=3is
depicted below.

—
o
|
t

— 0 W R Uy N O
N
.
|

o
—_
|
SULS)
—_
—_

[V

We have d(f, fy) = 2/n < 2¢/3 < € hence we should have a = ¥y(f) € U. But the
support of & has cardinality n? + 2, and a(n? + 1) = 1/n > 1/(n* + 2), contradicting
a € U. This proves that ¥ is not continuous.
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4. Probability law

4.3 Continuity of W and existence of global sections

For short, we now denote |K|, = |lC|dp. We consider the same ‘law’ map W : L(Q,K) —

|KCl;. We prove that it is uniformly continuous (and actually 2-Lipschitz). Indeed, if
f,8€L(Q,K),and a =¥(f), p =V(g), then

di(@,p)=) la(s) =B =Y IA(fs) - A (9))

ses seS

and [A(f~!(s ))—/\( - ( ))|</\(f_ (s)Ag™!(s)). But f~!(s)Ag (s) = {t e fH(s) f(t) =
gty ultegi(s)|f(t) )} whence

(a,p) < ZJ dt+ZJ (£))dt

seS seS
- zde),g(f))dt

whence d;(a, B) < 2d(f,g). It follows that it induces a continuous map L(Q2,K) —
||y, where

|IC|1 ={a:S—[0,1]|P; (supp(a)) C K & Za

endowed with the metric d(a, ) = } ;s la(s) — B(s)| is the completion of |K|;. This
map associates to f € L(Q),K) the map a(s) = A(f~'(s)). Notice that the condition
Y ;a(s) =1 < coimplies that the support supp(a) of « is finite.

The fact that |[K|; has the same homotopy type than |K| has originally been
proved by Dowker? in a more general context, and another proof was subsequently
provided by Milnor3.

It is clear that every mass distribution on the discrete set S is realizable by
some random variable. We first show that it is possible to do this continuously. In
topological terms, this proves the following statement.

Proposition 6 — The maps YV and W admit global (continuous) sections.

Proof. We fix some (total) ordering < on S and some identification Q ~ [0,1]. We
define o : ﬂ — L(Q,K) as follows. For any « € ﬂ, Sa =supp(a) C S is countable.
Let A, : S — R, denote the associated cumulative mass functions A, (s) =}, <, a(u)
and A_(s) = Y u<s a(u). They induce increasing injections (S,, <) — [0,1]. The map
o(a) is defined by o(a)(t) =aif A_(a) <t < A,(a). We have o(a)(QQ) = S,. Since
ae ml every non-empty finite subset of S, belongs to K hence o(a) € L(Q2,K), and
o(a) € L(Q),K) as soon as «a € |K];.

2Dowker, 1952, “Topology of Metric Complexes”.
3Milnor, 1959, “On Spaces having the homotopy type of a CW-complex”.
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Clearly W o ¢ is the identity. We prove now that ¢ is continuous at any a € [K];.
Let € > 0. There exists SJ C S,, finite (and non-empty) such that Zsesa\sg a(s) < e/3.

Let n =S| > 0. We set 1 = ¢/3n. Let f € ﬂwith |a — Bli <1, and set B,(s) =
Y u<sP(u)and B_(s) =}, . f(u). We have

Now note that |A, (a) - B4 (a)| < | — Bl; < &/3n for each a € SY hence

A*(a) . min(A, (a),B. (a)) -
[ et oproas 3o (o (@)(6) o))t = 2

A_(a) 1 Jmax(A_(a),B_(a)) 3n

since o(a)(t) = o(B)(t) for each t € [max(A_(a), B_(a)), min(A, (a), B, (a))], and this
yields d(o(a),o(B)) < e. This proves that o is continuous at any a € L(Q, K). There-
fore o provides a continuous global section of W, which obviously restricts to
a continuous global section of W. O

4.4 Homotopy lifting properties

Let W : L(Q,K) — |K|; and ¥ : L(Q,K) — |K|; denote the law maps. If «a is
a cardinal, we let W, (resp. \V,) denote the map associated to the simplicial complex
P%(a). Recall that a continuous map p : E — B is said to have the homotopy lifting
property (HLP) with respect to some topological space X if, for any (continuous)
maps H: X x[0,1] > Band h: X — E such that poh = H(-,0), there exists a map
H=Xx[0,1] = E such that po H = H and H(-,0) = h.

E \rE
%Pl p
X —>B X><[01]—>B

A Hurewicz fibration is a map having the HLP w.r.t. arbitrary topological spaces.
A Serre fibration is a map having the HLP w.r.t. all n-spheres, and this is equivalent
to having the HLP w.r.t. any CW-complex.

Lemma 11 - If WV, (resp. W, ) has the HLP w.r.t. the space X, then the map Wi (resp.
W) has the HLP w.r.t. the space X for every simplicial complex whose vertex set has
cardinality a.
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Proof. This is a straightforward consequence of the fact that, by definition, the
following natural square diagrams are cartesian, where S = [JK is the vertex set

of K.

L(Q,K) — Lg(Q, ) L(Q,K) —— L(Q,S)
Kl —— IP£(S)hy K, —— [P(S) o

Notice that the following lemma applies in particular to every compact metriz-
able space (e.g. the n-spheres). Recall that 8, denotes the cardinality of IN.

Lemma 12 - Let X be a separable space. If W, (resp. WK, ) has the HLP w.r.t. the space
X then, for every infinite cardinal y, the map V), (resp. \ily) has the HLP w.r.t. the
space X.

Proof. Let S be a set of cardinality y, H: X x[0,1] = [P{(S)l; (resp. H: X x[0,1] —
IPf( 1) and h: X — Lg(Q, S) (resp. h: X — L(Q,S)) be continuous maps such that
Wsoh = H(-,0) (resp. Wsoh = H(-,0)). Since X is separable, X x[0, 1] is also separable
and so are H(X x[0,1]) and H(Xx[0,1]). Let (x,,),cn be a dense sequence of elements
of H(X x[0,1]) (resp. H(X x[0,1])). Each supp(x,) C S is countable, and therefore
sois D =J, supp(x,).

We first claim that, for any @ € H(X x[0,1]) (resp. a € H(X x [0,1])) we have
supp(a) € D. Indeed, if a(sg) # 0 for some sy ¢ D, then there exists x, such
that d(x,,a) < a(sg). But since d(x,, @) = Y c5la(s) — x,(s)|, this condition im-
plies x,(sg) # 0, contradicting supp(x,,) C D. Therefore supp(a) C D for all a €
H(X x[0,1]) (resp. @ € H(X x[0,1])), and H (resp. H) factorizes through a map
Hp : X x[0,1] = [P{(D)l; (resp. Hp:Xx[0,1]— |77f( )l1) and the natural inclusion
[Pt (D)ly C|P£(S)h (resp. [P¢(D)ly P (S)h).

Notice that this implies that & (resp. h) takes values in L¢(Q), D) (resp. L(Q, D)),
too. By assumption, there exists Hp : X x [0,1] — L¢(Q, D) (resp. Hp : X x[0,1] —
L(Q, D)) such that Wy o Hp = Hp and with Hp(+,0) = h (respectively, Hp(-,0) = h).
Composing Hp (resp. Hp) with the natural injection L¢(Q,D) < L¢(Q,S) (resp.
L(Q,D) — L(Q,S)) we get the lifting H (resp. H) we want, and this proves the
claim.

L¢(Q,D) —— L¢(Q),S)

7N l‘Ps

X x [0, 1 > [PF(S)h

Wl -

) O
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Proposition 7 — Let X be a topological space and y a countable cardinal. Then V), has

the HLP property w.r.t. X as soon as y is finite or X is compact. Moreover ‘i’y has the
HLP w.r.t. X as soon as X is compact.

Proof. Let X be an arbitrary topological space. Our cardinal y is the cardinal
of some initial segment S C¢ IN = Z that is, either S = [0,m] for some m, or
S=IN. Let H: X x[0,1] = [P{(S)l; and h: X — L¢(Q), S) such that H(-,0) = Ws o h.
For (x,u) € X x[0,1], the element H(x,u) € [P{(S)]; is of the form (H(x,u);)ses,
with ¥ ;g H(x,u); = 1. Since, for each s € S, the map [P} (S)|; — [0,1] given by
a +— a(s) is 1-Lipschitz, the composite map (x,u) — H(x, u); defines a continuous
map X x[0,1] - [0,1].

Let us choose x € X. We set, with the convention 0/0 =0,

H(x,u),
1- Zk<n H(x, u)k

and we construct recursively, for each n € N,

* maps Q,(x,-):[0,1] = L(2)

an(x, u) = €[0,1],  Ay(x)=h(x)"({n}) € L(2)

e maps E" :[0,1] - L(2)
by letting
Efr =00\ JOrmu), Q0 u) = (a,(x,), B, Ay (x)) (1)
k<n
where @ is the map afforded by Proposition 5.
In order for this to be defined at any given 1, one needs to check that A,,(x) C E%

and a,(x, O)A(E%) = A(A,(x)). This is easily checked by induction because, if (), E®

are defined for k < n, then
Q(x,0) = D, (x, ), ELY, 4,(x))(0) = Ay (x) = h(x)™ ({)
hence

EV = 0\ A = k)™ S\ [0,n]) > h(x) ™ () = 4, (x)

k<n

and moreover A(A,(x)) = A(h(x)"'({n})) = H(x,0),, = a(x,O)/\(Egg). Therefore these
maps are well-defined.

From their definitions and the properties of @ one gets immediately by induction
that

(%, WA(EL) = H(x, 1), = A(Q,(x, 1))
for all (x,u) € X x[0,1].
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For a given (x,u), the sets Q,(x,u) are essentially disjoint, since Q,(x,u) C
E,(Cn,z = Q\ Upe,, Qk(x,u), and moreover | J, Q,(x,u) = Q since )}, A(Q,(x,u)) =
Y, H(x,u), = 1. Therefore, we can define a map H : X x [0,1] — L¢(S) by set-
ting H(x,u)(t) = nif t € Q,,(x, u). Clearly (W5 o H(x,u)), = AM(Q,(x,u)) = H(x,u), for
all , hence W o H = H. Moreover H(x,0), = Q,(x,0) = A,(x) = h(x)~'({n} hence
H(x,0) = h(x) for all x € X.

Therefore it only remains to prove that H : X x [0,1] — L¢(Q, S) is continuous.

Let us define the auxiliary maps H, : X x [0,1] — L(Q,{0,...,n}) by H,(x, u)(t) =
H(x,u)(t) if H(x,u)(t) < n, and H,(x,u)(t) = n if H(x,u)(t) > n — that is, H,(x, u)(t) =
min(n, H(x,u)(t)).

We first prove that each H,, is continuous. Let (xq, 1), (x, ) € X x [0,1]. We have

n

A ), By ko) = Y (R 0,
k=0~ Qk(xo,u0)
hence

d(Hy(x,u), Hy (%0, 10)) < ) A(Q(xg, o) \ Q1))
k=0

n
<) AQx(xo,10) A Qy(x,u))
k=0
and therefore it remains to prove that the maps (x, u) — Q,,(x, u) are continuous for
each neN.

We thus want to prove that Q ( .)€ C%X x[0,1],L(2)), which we identify with
the space C°(X,C([0,1],L(2 C%(X,C%L(2))) since [0 1] is (locally) compact.
Recall that @ is continuous CO([O 1]) x CO(L(2)) x L(2) — C%(L(2)). Moreover, for
arbitrary spaces Y,Z and a map g € C°(Y, Z), the induced map C%(X,Y) — C%(X,Z)
given by f — go f is continuous. Letting Y = C%([0,1]) x C°(L(2)) x L(2) and
Z = C%(L(2)), we deduce from @ : Y — Z a continuous map @ : C°(X,Y) — C°(X, Z2),
that is

C%X,C0([0,1]) x C%(L(2))) x L(2)) - % Co%X,Co%L(2))

C%X x[0,1],[0,1]) x CO(X x [0,1],L(2)) x C°(X,L(2)) Co%X x[0,1],L(2))

By induction and because the maps a,, A, are clearly continuous for any n, we get
that all the maps involved are continuous, through the recursive identities

« Q, =d(a, BV, 4,())

Bt = 0\ Ugen Qi)
and this proves the continuity of H,,.
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If S is finite this proves that H is continuous, because H = H,, for n large enough
in this case. Let us now assume that S = IN and X is compact. We want to prove that
the sequence H, converges uniformly to H. Since each H,, is continuous this will
prove that H is continuous. Let € > 0. Let U, = {(x,u) € X x[0,1]| Y k<n Hx, 1) >
1—¢€}. Since H is continuous this defines a collection of open subsets in the compact
space X x[0,1], and since } ;, H(x,u) — 1 when n — oo for any (x,u) € X x[0,1],
this collection is an open covering of X x [0,1]. By compactness, and because this
collection is a filtration, we have X x[0,1] = Uny for some 1y € IN. But then, for any
(x,u)e Xx[0,1] and n = ny we have

d(I:In(x,u),H(x,u)):/\[UQk(x,u)]:ZH(x,u)k<£ O

k>n k>n

and this proves the claim.

Remark 1 - We notice that the liftings constructed in the above proof have the

following additional property that, whenever H(x,-) is a constant map for some

x € X, then so is the map H(x,-). This follows from the fact that the maps a,(x, -)

are constant as soon as H(x,-) is constant, and then one gets by induction on # that
n)

Q,(x,u) =D(a,(x,-), E,(C,. ,A,(x)) is constant in u by the last item of Proposition 5,
and thus so is E,((n,l

Since it is far simpler in this case, we provide an alternative proof for the case of
binary random variables.

Corollary 2 — The map W, = W 1y is a Hurewicz fibration.

Proof. (alternative proof) Let X be a space,and H : X x[0,1] — [P{(2)|; and h: X —
L(€,2) such that H(-,0) = W, o h. Note that [P{(2)|; = {a:{0,1} - R, [a(0)+a(1) =1}
is isometric to [0, 1] through the isometry j : a — (1), where the metric on [0,1] is
the Euclidean one. If @ =W, o h(x), we have a(0) =1 - A(h(x)), j(\W,(h(x))) = a(1) =
A(h(x)).

Using the map g of Lemma 6 we note that A(g(°A, u)) = u + (1 —u)A(A) = uA(Q) +
(1-u)A(A) and we define, for A € L(2) and a € [0, 1],

. 5(Aa)=g(A 1-a/MA))if a< A(A),
* (A MA) =A,
. 85(Aa) = G(A, (a- AA)/(1 - A(A))) if a > A(A).

We prove that §: L(2) x[0,1] — L(2) is continuous at each (Ag,4q) € L(2). The case
ag = A(Ay) is clear from the continuity of g, as there is an open neighborhood of
(Ag,ap) on which a— A(A) has constant sign. Thus we can assume ay = A(4p). Then

d(g(A, a)’ g(Ao:ﬂo)) = d(~(A,a),A0) < d(g(A,a),A) + d(A,Ao)
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But, if a < A(A) we have by the inequality of Lemma 6
d(§(Aa),A) =d(g[A1- L) g4,0) <'1—L‘
g K1)y - g » /\(A) ;g y] S A(A)

and, if a > A(A), we have, noticing that A — A is an isometry of L(2) (as AAB =
(“A) A (“B)),

. e e a—AA) B o, a=AMA)\ . a—A(A)
a0 =4 15050 4) a2 30 ) o) <[5
which altogether imply
-AMA
(814,040 a0) < 24, Aq) x| 1 - 125 14|

Since the RHS is continuous with value 0 at (A, ag) with ag = A(Ay), this proves the
continuity of .

It is readily checked that A(§(A,a)) = a for all A,a. We then define H : X x
[0,1] = L(Q,2) by H(x,u) = g(h(x), j(H(x,u))). We have A(H(x, u)) = j(H(x, u)) hence
W, 0 H = H, and H(x,0) = h(x) for all x € X, therefore H provides the lifting we
want. O

Altogether, these statements imply the following result, which completes the
proof of Theorem 1.

Theorem 2 — For an arbitrary simplicial complex K, the maps W and Wy are Serre

fibrations and (strong) homotopy equivalences. If K is finite, then W and Wy are
Hurewicz fibrations.

Proof. Let K be an arbitrary simplicial complex. We first prove that W and W
are Serre fibrations. By Lemmas 11 and 12, and since the n-spheres are separable
spaces, we can restrict ourselves to proving the same statement for ¥, and W),
when y < Ny, and this is true in this case because the n-spheres are compact, by
Proposition 7. If K is a finite simplicial complex, by Lemma 11 and Proposition 7
we get that W and W, are Hurewicz fibrations.

Now, by Proposition 6 we know that W and Wy admit global sections. We
denote them oy and T, respectively. In order to prove that these are homotopy
inverses for W and W, we need to check that ox o W and 5 o Wy are homotopic
to the identity map. Taking y; : X = L(Q3,K) — L(Q),K) to be ox o W and y, =1dy,
one checks easily that, for all f € L(Q,K), y1(f)(Q) is equal to

o o Wi (f)(Q) = supp (W o ox o W (f)) = supp (W (f)) = F(Q)

which is equal to y((f)(Q2). Therefore we can apply Lemma 5 (with A = @) and get
that 9, 1 are homotopic. The proof for o o Wy is similar. m|
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