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Abstract

Steinhaus (1966a,b) has asked whether inside each acute angled triangle
there is a point from which perpendiculars to the sides divide the triangle
into three parts of equal areas. In this paper, we prove that f : D — D is
a gyroisometry (hyperbolic isometry) if, and only if it is a continuous mapping
that preserves the partition of a gyrotriangle (hyperbolic triangle) asked by Hugo
Steinhaus.
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1 Introduction

A Mobius transformation f : CU {0} —» CU {oo} is a mapping of the form w =
(az + b)/(cz + d) satisfying ad — bc # 0, where a,b,c,d € C. The set of all Mobius
transformations Mob(C U {oo}) is a group with respect to the composition and any
f € MOb(C U {co}) is conformal, i.e. it preserves angles. Let us define

Q ={S cCU{oo}: Sis an Euclidean circle or a Euclidean line U oo}.

It is well known that if C € Q and f € MOb(C U {oo}), then f(C) € ). There are well-
known elementary proofs that if f is a continuous injective map of the extended
complex plane CU {co} that maps circles into circles, then f is Mobius. In addition
to this a map is Mdbius if, and only if it preserves cross ratios. In function theory,
it is known that a function f is Mdbius if, and only if the Schwarzian derivative
of f vanishes when f’(z) # 0. Using this differential criterion, Haruki and Rassias?
proved that if f is meromorphic and preserves Apollonius quadrilaterals, then f is
Mobius.

IDepartment of Mathematics, Faculty of Science and Arts, ANS Campus, Afyon Kocatepe University,
03200 Afyonkarahisar, Turkey

2Haruki and Rassias, 1998, “A new characteristic of Mbius transformations by use of Apollonius
quadrilaterals”.
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The Mobius invariant property is also naturally related to hyperbolic geometry.
For instance, in the hyperbolic plane, Mobius transformations can be characterized
by Lambert (and Saccheri) quadrilaterals, i.e., a continuous bijection which maps
Lambert quadrilaterals to Lambert quadrilaterals (or Saccheri quadrilaterals to
Saccheri quadrilaterals) must be Mobius, see Yang and Fang (2006a), Yang and
Fang (2006b). Moreover, in literature there are many characterizations of Mobius
transformations by using of triangular domains®, regular hyperbolic polygons?,
hyperbolic regular star polygons®, polygons having type A®, and others.

2 Mobius transformations of the Disc, Mobius
Addition and Mobius Gyrovector Spaces

Let us denote the complex open unit disc (centered at origin) in C by ID and z; be
an element of C. Clearly the mapping
fla) =0 02

—, 0elR
1+2zyz

is a Mdbius transformation satisfying f(ID) = ID. Ahlfors’ proved that the most
general Mobius transformation of ID is given by the polar decomposition

0 20+ 2
ezGO —e

— ie(
1+2z)z

z— 29 ®z).
It induces the Mobius addition “@” in the disc, allowing the Mobius transformation
of the disc to be viewed as Mdbius left gyrotranslation

Zpt2z

zZ—>2z9bz= —
0 1+zpz

followed by rotation. Here 6 € R, z; € ID and Mdbius substraction “©” is defined by
a9z = a®(-z). Clearly z6z = 0 and ©z = —z. The groupoid (ID,®) is not a group since
the groupoid operation “®” is not associative. In addition to this the commutative
property does not hold. However, the groupoid (ID,®) has a group-like structure.

The breakdown of commutativity in Mobius addition is “repaired” by the intro-
duction of gyration,

gyr:IDxD — Aut(D,®)

3Li and Wang, 2009, “A new characterization for isometries by triangles”.

4Demirel and Seyrantepe, 2011.

5Demirel, 2013, “A characterization of Mdbius transformations by use of hyperbolic regular star
polygons”.

6Liu, 2006, “A new characteristic of Mobius transformations by use of polygons having type A”.

7 Ahlfors, 1978, Complex analysis: An introduction to the theory of analytic functions of one complex
variable.
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given by the equation

a®b 1+ab

bda 1+ab (1)

gyr[a,b] =

where Aut(ID,®) is the automorphism group of the groupoid (ID,®). Therefore, the
gyrocommutative law of Mobius addition @ follows from the definition of gyration
in (1),

a®b=gyr([a,b](b®a). (2)

Coincidentally, the gyration gyr[a, b] that repairs the breakdown of the commutative
law of @ in (2), repairs the breakdown of the associative law of @ as well, giving rise
to the respective left and right gyroassociative laws

a®(b@c)=(adb)®gyr[a,blc
(adb)®c=ad(bdgyr[b,alc)

forall a,b,c e D.

Definition 1 — A groupoid (G, ®) is a gyrogroup if its binary operation satisfies the
following axioms

(G1) For each a € G, there is an element 0 € G such that 0&a =a.
(G2) For each a € G, there is an element b € G such that b®a = 0.

(G3) For all a,b € G, there is an automorphism gyr([a, b] € Aut(G,®) such that

a®(bec)=(adb)dgyr(a,b]c

(G4) For all a,b € G, gyr[a,b] = gyr[a®D,b].

Additionally, if the binary operation “@®” obeys the gyrocommutative law G5, then
(G,®) is called a gyrocommutative gyrogroup.

(G5) Foralla,beG,adb=gyr[a,b](bda).

Clearly, with these properties, one can now readily check that the Mobius
complex disc groupoid (ID,®) is a gyrocommutative gyrogroup. We refer readers to
Ungar (2001, 2008) for more details about gyrogroups.

Identifying complex numbers of the complex plane C with vectors of the Eu-
clidean plane R? in the usual way:

Cau:u1+iu2:(u1,u2):uelR2.
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Then the equations

u-v=Re(uv)

(3)

lfall = ful.

give the inner product and the norm in IR?, so that M6bius addition in the disc D of
C becomes Mobius addition in the disc IR% ={veR?:|lv|]| < 1} of R%. In fact we get
from (3)

(1+av)(1 +uv)
(1 + v+ uv + [v|?)u+ (1 - |ul?)v

1+ v+ uv + |ul?|v|?
(1+2u-v+|v]*)u+ (1= ul*)v
1+ 2u-v+|[ul?[lv]]?
=udv (4)

forallu,veDandallu,ve IR%.
Let V =(V,+,:) be any inner-product space and

Vi={veV:[jv<s}

be the open ball of V with radius s > 0. Mobius addition in V; is motivated by (4)
and it is given by the equation
(1+(2/s%)u-v+ (1/s?)[IvI*)u + (1 - (1/5)[[ull*)v

uev= 1+ (/) u-v+ (1/sHalPIVIP (5)

where - and ||-|| are the inner product and norm that the ball V; inherits from its
space V. Without loss of generality, we may assume that s =1 in (5). However we
prefer to keep s as a free positive parameter in order to exhibit the results that in the
limit as s — oo, the ball V; expands to the whole of its real inner product space V,
and Mobius addition & reduces to vector addition + in V, i.e.,

lim udv=u+v

S§—>00
and
lims — 0oV, = V.

Mobius scalar multiplication “®” is given by the equation
v

vl

r®v = stanh(rtanh ™! ||v||/s)
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2. Mobius transformations of the Disc, Mébius Addition and Mébius Gyrovector Spaces

wherer e R,u,veV,,v=0and r®0 = 0. Mobius scalar multiplication possesses
the following properties:

(P1) n®@v=veve- - &V (n-term)

P2) (ri+r)®v=r ®vdr,®v scalar distribute law

(
(
(P4) r®(rQvedrn®v)=rQ(r ®v)®r®(r, ®v) monodistribute law
(

)

P3) (r17)®v =r; ®(r, ®v) scalar associative law
)
)

P5) ||r®v| = |r|®|[v]| homogenity property
Irlev _
(Po6) Trevl = ” T scaling property

(P7) gyr[a,b](r®v)=r®gyr[a,b]v gyroautomorphism property
(P8) 1®v =v multiplicative unit property

Definition 2 (Mdbius gyrovector spaces) — Let (V;,®) be a Mdbius gyrogroup
equipped with scalar multiplication ®. The triple (V,,®,®) is called a Mébius
gyrovector space.

Definition 3 — The Mobius gyrodistance between the points A,B in Mdbius gy-
rovector space (V,®) is given by the equation

d(A,B)=||AeB||.

The Mobius gyrodistance function, in general gyrodistance function, gives rise
to a gyrotriangle inequality which involves a gyroaddition @. In contrast, the
familiar hyperbolic distance function in the literature is designed so as to give rise
to a triangle inequality which involves the addition +. The connection between the
gyrodistance function and the standard hyperbolic distance function is described in
Ungar (1999).

Definition 4 — A map ¢ : (V,,®) — (V;,®) is a gyroisometry of (V;,®) if it preserves
the gyrodistance between any two points of (V;,®), that is, if

d(¢(A),$(B)) =d(A,B)
for all A,B €V, see Ungar (2005).

Ungar® proved that a map ¢ defined from Einstein gyrovector space (R”,®) to
itself is a gyroisometry if and only if the map ¢ is of the form

$(X) = A®R(X)

where R € O(n) is an n x n orthogonal matrix A = ¢(0) € R?, 0 being the origin of IR.
This theorem is also valid in Mébius gyrovector space.

8Ungar, 2014, An introduction to hyperbolic barycentric coordinates and their applications.
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3 Mobius Gyroline and Mobius Gyrotriangle

In full analogy with straight lines in the standard vector space approach to Euclidean
geometry, a Mobius gyroline (briefly a gyroline) passing through the point P and
has a directional vector u in the ball V;, is represented by

a(t)=Po(uet)

For more details about gyrovectors, we refer to Ungar (2005). A gyroline passing
through the points K and L is represented by

agr(t) =K@ (eKaeL)®t

as expected, in full analogy with Euclidean geometry.

Figure 1 — A gyroline passing through the points K and L is a circular arc that
intersect the disc ID orthogonally. The gyrolines passing through the center of the
disc are also correspond to chords of the disc.

A Mobius gyrotriangle AKLM (briefly a gyrotriangle) in the ball V; is shown
in Fig. 2. It has vertices K,L,M € V,, sides k,1,m € V; and side gyrolengths
-1<k,I,m<1,

a=oLeM, a=]al
b=oMa&K, b=|b|
c=6K®oL, c=]|

The following equations allow us to find the gyroangle measures «a, f and y of
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3. Mobius Gyroline and Mobius Gyrotriangle

the gyroangles at the vertices of the gyrotriangle AKLM:

©KeL oKeM

COSE=isKeL| [eKe M|
_ olek oleM
COSp= 1T ekl eLe Mi
oMoK oMol

COS

V= lleMeK| eMel]

A most important advantage of studying hyperbolic geometry is the fact that
the gyrotriangle gyroangles determine uniquely its side gyrolengths as follows:

Theorem 1 — Let AKLM be gyrotriangle in a Mobius gyrovector space (Vy,®,®) with
vertices K,L, M, corresponding gyroangles a, B,y and side gyrolengths k,1,m, as shown
in Fig. 2. Then the following equations hold:

kz cosa + cos
COS & + COs

cOsy + cos
m? = )4

N
|

(@]
o}
»
=
+
(@)
o}

RN PNy BN

Cosy +cos(a —

For more details, we refer to Ungar (2005).

Figure 2 — A Mobius gyrotriangle in the unit disc ID.
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The gyroarea A(ABC) of gyrotriangle ABC is given by
1 0
A(ABC) = E tan 5

where ¢ is called the defect of gyrotriangle ABC defined by 6 = —(a +f + ), see
Ungar (2005). Similarly the gyroarea A(ABCD) of gyroquadrilateral ABCD with
(DAB=ay, /ABC = a,, /BCD = a3, /CDA = a, is given by

1
A(ABCD) = 0 tang

where 0 is called the defect of gyroquadrilateral ABCD defined by

0 =21 — (a1 +ay+asz+ay).

4 A Characteristic of Gyroisometries in Mobius
Gyrovector Spaces

Theorem 2 (Kuratowski and Steinhaus®) — Let T C R? be a bounded measurable set,
and let |T| be the measure of T. Let 01,0,,05 be the angles determined by three rays
emanating from a point, and let 01 < 7,0, < 7,03 < . Let ry,r,,r3 be nonnegative
numbers such that ry +r, +r3 = |T| Then there exists a translation f : R*> — IR? such that
If(T)N 61 =1, If(T)N O] =1, |f(T) N O3] = 13.

H. Steinhaus asked whether inside each acute angled triangle there is a point
from which perpendiculars to the sides divide the triangle into three parts with
equal areas, see Steinhaus (1966a,b). For the solution of this problem, we refer to
Tyszka (2007).

Naturally, one may wonder whether the solution of this problem exists in hyper-
bolic geometry. In Demirel (2018), O. Demirel solved this problem in the Poincaré
disc model of hyperbolic geometry. Now, we try to get a characteristic of gyroisome-
tries by use of the partition of a gyrotriangle asked by Hugo Steinhaus.

Example 1 — Let ABC be an equilateral gyrotriangle in Mobius gyrovector space
(D,®,®) with vertices A, B, C satisfying /ABC = /BCA = /CAB =a and |[A&B| =
[Bo&C|=|CeA|=p. Let us denote the gyromidpoints of the segments AB, AC, BC by
Mag, Mac,Mpc, respectively and D be the gyrocentroid of ABC. Since /DM sgB =
(DMpcC = /DMcyA = 7, then it is clear that

A(AMppDMyc) = A(BMpcDM ) = A(CMpcDMpc).

9Kuratowski and Steinhaus, 1985, Une application géométrique du théoréme de Brouwer sur les points
invariants.
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Notice that if ABC is an acute angled isosceles gyrotriangle satisfying d(A,B) =
d(A,C), then one can easily see that there exists a point on [A, H|, where H is the
midpoint of B and C, such that

A(AMugDMyc) = A(BMpcDMyg) = A(CMycDMpc)

holds.

Throughout the paper, we denote by X’ the image of X under f, by [P, Q] the
geodesic segment between points P and Q, by PQ the gyroline through points P
and Q. If we say f preserves the Steinhaus partition of gyrotriangles, this means
that for all acute angled gyrotriangles ABC in (ID,®,®), if P divides ABC into three
parts of equal gyroareas by the perpendiculars drawn from P to the sides of ABC
satisfying

A(AMIPMg,) = A(BMQPMl) = A(CM3PM2),

then P’ divides A’B’C’ into three parts of equal gyroareas by the perpendiculars
drawn from P’ to the sides of A’B’C’ satisfying

A(A’M|P'M}) = A(B'M}P'M]) = A(C'M}P’M}).

Notice that the points P and P’ must be interior points of the gyrotriangles ABC
and A’B’C’, respectively.

Naturally, one may wonder whether the solution of the Steinhaus problem for
an arbitrary acute angled hyperbolic triangle exists? For the affirmative answer of
this question we refer to Demirel (2018).

Lemmal - Let f : ID — D be a mapping which preserves the Steinhaus partition of
gyrotriangles, then f is injective.

Proof. Let us take two distinct points K, L in ID. Then there exists a point M in ID
such that KLM is an equilateral gyrotriangle. By Example 1 on the preceding page,
the gyrocentroid of KLM, say P, divides KLM into three parts of equal gyroareas.
Therefore, P’ divides K’L’M’ into three parts of equal gyroareas which implies
K’z L’. Therefore, f is injective. O

Lemma 2 - Let f : ID — D be a mapping which preserves the Steinhaus partition of
gyrotriangles. If K,L,My are three gyrocollinear points in ID such that d(K,M;) =
d(Mjy, L) then the points K’,L’, M are gyrocollinear.

Proof. Let K and L be two distinct points in ID and denote the gyromidpoint of these
points by M;. Firstly, there exists a point S in ID such that KLS is an equilateral
gyrotriangle. Let C be the gyrocentroid of KLS and M;, M3 be the gyromidpoints of
[L,S],[S,K], respectively. By Example 1 on the preceding page, we have

A(KMl CM3) = A(LM2CM1) = A(SM3CM2),
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and by the property of f, we get
A(K'M{C'M}) = A(L'M;C'M]) = A(S’"M;C'M,).

Hence we obtain /C’'M L’ = 1C’'M}S’ = /C’'M;K’ = 5, which implies that K’, M7, L’
are gyrocollinear points. O

Lemma 3 - Let f : ID — ID be a mapping which preserves the Steinhaus partition of
gyrotriangles, then f preserves the right gyroangles.

Proof. Let I} and [, be two gyrolines in ID such that /| meets I, perpendicularly.
Denote the common point of these gyrolines by M;. Let K and L be two points
on [; such that M; is the gyromidpoint of K and L. Then, there exists a point on
I, say S, such that KLS is an equilateral gyrotriangle. As in Example 1 on p. 114,
the gyrocentroid of KLS, say C, divides KLS into three parts of equal gyroareas.
Hence, by the property of f, we get that C’ divides K’L’S’ into three parts of equal
gyroareas. By Lemma 2 on the previous page we get that /S’M{K’ = zS'M{L" = 5.
This ends the proof. O

Lemma 4 - Let f : ID — D be a mapping which preserves the Steinhaus partition of
gyrotriangles, then f preserves the gyrolines.

Proof. Let I; and [, be two gyrolines in ID such that /; meets I, perpendicularly.
Denote the common point of these gyrolines by M. Let A and B two points on I;
such that M is the gyromidpoint of A and B. Denote the common points of I, with
d(D) by C,D where d(ID) is the boundary of ID. Clearly there exists a point K on
[C,M] such that ABK is a right gyrotriangle with /BKA = %. For each point X; on
[C,K] for all i € I C R, it is easy to see that the gyrotriangle BX;A is an isosceles
gyrotriangle. By Demirel (2018) the gyrotriangle BX;A has a Steinhaus partition for
appropriate points Y;, Z;, W; such that

A(AMY;Z;) = A(BW;Y;M) = A(W; X; Z;Y;)

where Y; € [M,X;],Z; € [A,X;],W; € [B,X;] for all i € I C R. By hypothesis there
exists a Steinhaus partition of the gyrotriangle B’X /A’ such that
ANA'M'Y/Z]) = A(BW/Y/M') = AW/XZ]Y])

1711

holds. By Lemma 3, [M’,Y/] meets [A’, B’] perpendicularly for all i € I C R. This
implies that the points Y/ for i € I C R are gyrocollinear. When the points A and
B are sufficiently close to point M, then the points Y; are close enough to point M.
Finally considering the point D as well as point C one can easily see that the image
of I must be a gyroline. O

The proof of the following results is clear from Lemma 4. So we omit it.
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Acknowledgments

The author would like to thank the anonymous reviewer for his-her careful, con-
structive and insightful comments in relation to this work.

References

Ahlfors, L. (1978). Complex analysis: An introduction to the theory of analytic functions
of one complex variable. Third edition. International Series in Pure and Applied
Mathematics. McGraw-Hill Book Co., New York (cit. on p. 108).

Demirel, O. (2013). “A characterization of Mobius transformations by use of hyper-
bolic regular star polygons”. Proc. Rom. Acad. Ser. A Math. Phys. Tech. Sci. Inf.
Sci. 14 (1), pp- 13-19 (cit. on p. 108).

Demirel, O. (2018). “Steinhaus Problem on Partition of A Hyperbolic Triangle”.
Turk. J. Math. Comput. Sci. 9, pp. 98-102 (cit. on pp. 114-116).

Demirel, O. and E. Seyrantepe (2011). J. Math. Anal. Appl. 374(2), pp. 566-572
(cit. on p. 108).

Haruki, H. and T. Rassias (1998). “A new characteristic of Mobius transformations
by use of Apollonius quadrilaterals”. Proc. Amer. Math. Soc. 126 (10), pp. 2857-
2861 (cit. on p. 107).

Kuratowski, K. and H. Steinhaus (1985). Une application géométrique du théoréme
de Brouwer sur les points invariants. Bull. Acad. Polon. Sci., Cl. IIT 1 (1953),
pp-83-86; reprinted in: K. Kuratowski, Selected papers, PWN (Polish Scientific
Publishers), Warsaw, 1988, pp. 520-523, H. Steinhaus, Selected papers. PWN
(Polish Scientific Publishers), Warsaw, pp. 636-639 (cit. on p. 114).

117



A characteristic of gyroisometries in Mobius gyrovector spaces O. Demurel

Li, B. and Y. Wang (2009). “A new characterization for isometries by triangles”. New
York J. Math. 15, pp. 423-429 (cit. on p. 108).

Liu, J. (2006). “A new characteristic of Mobius transformations by use of polygons
having type A”. J. Math. Anal. Appl. 324 (1), pp. 281-284 (cit. on p. 108).

Steinhaus, H. (1966a). “Problem No. 132 (in Polish) Roczniki Polskiego Towarzystwa
Matematycznego”. Annales Societatis Mathematicae Polonae), Seria 1I, Wiadomosci
Matematyczne 9 (99) (cit. on pp. 107, 114).

Steinhaus, H. (1966b). “Problem No. 779”. Matematyka 19, p. 92 (cit. on pp. 107,
114).

Tyszka, A. (2007). “Steinhaus’ problem on partition of a triangle”. Forum Geom. 7,
pp. 181-185 (cit. on p. 114).

Ungar, A. (1999). “The hyperbolic Pythagorean theorem in the Poincaré disc model
of hyperbolic geometry”. Amer. Math. Monthly 106 (8), pp. 759-763 (cit. on
p. 111).

Ungar, A. (2001). Beyond the Einstein addition law and its gyroscopic Thomas precession:
The theory of gyrogroups and gyrovector spaces. volume 117 of Fundamental
Theories of Physics. Kluwer Academic Publishers Group, Dordrecht (cit. on
p. 109).

Ungar, A. (2005). Analytic Hyperbolic Geometry: Mathematical Foundations and Appli-
cations. World Scientific, Singapore (cit. on pp. 111-114).

Ungar, A. (2008). Analytic hyperbolic geometry and Albert Einstein’s special theory
of relativity. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ (cit. on
p. 109).

Ungar, A. (2014). An introduction to hyperbolic barycentric coordinates and their
applications. Mathematics without boundaries. Springer, New York, pp. 577-648
(cit.on p. 111).

Yang, S. and A. Fang (2006a). “A new characteristic of Mobius transformations in
hyperbolic geometry”. J. Math. Anal. Appl. 319 (2), pp. 660-664 (cit. on p. 108).

Yang, S. and A. Fang (2006b). “Corrigendum to “A new characteristic of Mobius
transformations in hyperbolic geometry”. J. Math. Anal. Appl. 376 (1), pp- 383—
384 (cit. on p. 108).

118



Contents

Contents
1 Introduction . .. ... ... ... ... 107
2 Mobius transformations of the Disc, Mobius Addition and Mdobius
Gyrovector Spaces . . . . . . ... oo o 108
3 Mobius Gyroline and Mobius Gyrotriangle . . . . . . ... ... .. 112
4 A Characteristic of Gyroisometries in Mobius Gyrovector Spaces . 114
Acknowledgments . . . . ... ... L Lo L o 117
References . . . . . . . . . . . . e 117
Contents . . . . . . . .. e i



	1 Introduction
	2 Möbius transformations of the Disc, Möbius Addition and Möbius Gyrovector Spaces
	3 Möbius Gyroline and Möbius Gyrotriangle
	4 A Characteristic of Gyroisometries in Möbius Gyrovector Spaces
	Acknowledgments
	References
	Contents

