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Abstract

In this paper, we consider the modified water wave model with a nonlocal
viscous term

U+ Uy —U +L£Jt u(s) ds = —u?u
t X XX \/Eat Om X’

where =<

retically and numerlcally the well-posedness of the model and the asymptotical
behavior of the solutions.
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1 Introduction

Modeling the viscosity effects in water wave propagation is a challenging topic.
Independently, Liu and Orfila (2004) and Dutykh and Dias (2007) have developped
mathematical models for transient long-wave propagation on viscous shallow water
in 2D and in 3D where the viscosity is modeled with nonlocal terms in the form of
convolution integrals. A nonlinear model in one dimension is presented in Dutykh
(2009).

In Chen et al. (2010), the authors investigated the decay rate of the solutions to
the nonlocal water wave model

ut+ux—au,m+/3uxxx+£ ds = —-yuu,, (1)

where 2= Vi fo ds is the Caputo half derivative in time and it stands for the nonlo-
cal diffusive- dlsperswe term, u is the horizontal velocity of the fluid, —au,, is the

1 Analysis, Probability and Fractals Laboratory LR18ES17, Faculty of Sciences of Monastir, Tunisia

2Superior Institute of Applied Sciences and Technology Of Gabés, University of Gabeés, Tunisia
(imen.manoubi@yahoo.fr)

35



A modified nonlocal Water Wave model I. Manoubi

usual diffusion, fu,,, is the geometric dispersion. The parameters v, a, f and y
are devoted to examine the impact of viscosity, dispersion and nonlinearity on the
solution.

Moreover, in Dumont, Goubet, and Manoubi (2020), Dumont and Manoubi
(2018), Goubet and Manoubi (2017), and Manoubi (2014), the authors considered a
derived model of (1) where the nonlocal term is modeled by the Riemann-Liouville
half derivative in time, namely

W [y
Vi ot Jo \i—s

In particular, in Manoubi (2014), the author proved the well-posedness of the initial
value problem (2) when g = 0 for small initial data uy € LL(R) N L%(R) using a fixed
point approach. She established that if [lugll 1 (g)n12(R) is small enough, then there
exists a unique global solution u € C(R,;L2(RR)) N C1/2(1R+;H;2(IR)). Besides, she
proved that the solution u satisfies

Up 4 Uy — AUy + Plhyyy + ds =—-yuu,. (2)

max (£, ) u(t, ) 2 gy + max(2, Ollu(t, e w) < Cluo).

Besides, in Dumont, Goubet, and Manoubi (2020), the authors relaxed the assump-
tion on the initial data. They established that the initial value problem is well-posed
for all initial data uy € L2(RR) using the diffusive approach. They established that for
all initial uy € LL(R) N L(R),

max(1, £ lu(t, 2 gy +max(t'?, Ollu(t, )l g) < Cluo).

Moreover, a great interest was focused on the numerical study of the decay rate
of the solutions in the last decades. Several numerical schemes were constructed
in order to approximate the nonlocal term3. Over the last years, some authors
proposed the so-called diffusive realization of fractional operators (in time).This
approach provide a local in time representation of the fractional operators by
introducing a new linear differential equation. The resulting diffusive model is
local in time, which provide numerous advantages from the mathematical and
numerical standpoints. Different applications of this approach can be found in
Audounet, Giovangigli, and Roquejoffre (1998), Dumont and Manoubi (2018), Hélie
and Matignon (2006), and Montseny, Audounet, and Matignon (2000).

3Chen et al., 2010, “Decay of solutions to a water wave model with a nonlocal viscous dispersive
term”;
Galucio, Deti, and Dubois, 2008, “The G*-scheme for approximation of fractional derivatives:
Application to the dynamics of dissipative systems”;
Manoubi, 2014, “Theoretical and numerical analysis of the decay rate of solutions to a water wave
model with a nonlocal viscous dispersive term with Riemann-Liouville half derivative”.

36



2. Preliminaries and main results

In order to investigate the effects of the nonlinearity, we consider in this article a
modification of the nonlinear term as follows

t
ut+ux—uxx+L£J‘ (s) ds = —u’u,, (3)
\/% 81’ 0 t—s
where u(t,x) is a real valued function of the variables t > 0 and x € R. We study the
local and the global well-posedness of the initial value problem for (3). Moreover,
we examine the asymptotical behavior of the solutions.

The remaining of this article is as follows. Section 2 concerns some preliminaries
and the theoretical results. In section 3, we prove the first main results concerning
the well-posedness for the initial value problem under a smallness condition on
the initial data using a fixed point argument. Section 4 deals with the second
main results related to global well-posedness of the problem using a diffusive
representation of the half-derivative in time. Finally, section 5 is concerned with
numerical results and discussion.

2 Preliminaries and main results

We begin with introducing some notations. We denote by L (RR) the usual Lebesgue
space and by H*(R) with m € R the usual Sobolev space on the variable x. The
Banach space LL(R)NH"(RR) is endowed with norm ||~||L}((R)mH¥,(R) = ||'||L;(1R)+||'||H;”(JR)'
Also we stand by CK*%(IR) the usual Holder space with k € N and a € (0,1). We set
<t>=VI1+t2

2.1 First main results using the kernel representation

We introduce the convolution kernels

1 2 - 1 (Y @2 i _p
Kre(t,x) = e e 1——J e w1y ) 4
re(t,X) Wor ( 2 J, H (4)
1 2 - 1 (7 2w p
N(t,x)= ——0d, e Te™ 1——J. e w2 24 )), 5

where x~ = leT_x = max(—x,0) presents the negative part of x € R.
We have the following estimations on the convolution kernels from Manoubi
(2014).

Lemma 1 - There exists a constant C > 0 such that for all t > 0
maX(L\/E)”KRL(t")“L}C(]R) +max(t"/*, t3/4)||KRL(t")||L§(]R) <G
and

VHIN (8, )y + E4IN(E |2 ) < C-
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At first, we consider the linear problem associated to (3). The following result is
an improvement of that given in Manoubi (2014) when considering more regular
initial data.

Theorem 1 — Consider the following Cauchy problem

U+ u +Lth u(s) ds=u
t X ﬁat 0 s - Bxxr (6

u(0) = uy,

~

where the initial data ug € H}(R). There exists a unique solution
u € C(Ry; Hy (R) N CY*(Ry; Hy ' (R)
for the problem (6) given by
u(t, x) = [Kpp(t,-)* uo](x), (7)

where * represents the usual convolution product and Kyg; is given by (4). Besides, we
have u € C'(]0, +oo[; Hy 1 (R)).

Now, we state a first global well-posedness result for (3) supplemented with a small
initial data u.

Theorem 2 — For uy € H.(IR), there exists a unique local solution u € C([0, T); H}(R))
of (3). Moreover for uy € LL(R) N H}(R), there exists a positive constant C > 0 that
depends on ug such that if |[ugll 1 gy p1 () IS small enough, there exists a unique global

solution u € C(R,;L2(R) N LL(R)) N CY2(R,; H;(R)) of (3) given by

u(t, x) = [Krp(t,-) % tg](x) - Lt N(t—s,-)%u3(s,x)ds,

where Kgy and N are given by (4) and (5), respectively. In addition, the solution u
satisfies

t1/4||”(tf')||L%(]R)+ <t>12 ||”(t:‘)||L§°(IR) < C(””O”L}C(IR)QH%(]R))'

We have the following decay estimate for the solution.

Proposition 1 - Let uq such that ”L‘OHL}C(IR)QH; (R) <€ where ¢ is small enough. Then the
global solution u defined in Theorem 2 satisfies the following decay estimate

1/4’ t3/4

max(t Mu(t, .)”L%(IR) + max(tl/z, t)lu(t, ')”L;"(]R) < C(”uO”L}C(]R)ﬁH;(IR))'
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2. Preliminaries and main results

Remark 1 — We emphasize that the results stated above for the cubic case may be
extended to the general case p > 2 due to the Sobolev embedding H.(RR) < L (R).
More precisely, the following well-posedness result holds for the nonlinear equation

1 9 (" u(s)
_ — 2 —_yP
Up + Uy ux"+\/%8tJ; t—sds ufu,, (8)

supplemented with a small initial data u,.

Theorem 3 — Let p > 2 and uy € LL(R) N H}(R). There exists a positive constant C > 0
that depends on g such that if |luoll 1 gy~ g1 (w) i small enough, there exists a unique

global solution u € C(R,;L2(R) N LP(R)) N CY?(R,; H; ' (R)) of (3) given by
u(t,x) = [Krp (t,) % ug](x) - N, @ uP ™ (8, x),
where Kpy is given by (4) and
1 2 - 1 (*° 2w _p
N, (t,x)= —— 0, e Te™ 1——j e w2 24 ))
T S U '

In addition, the solution u satisfies the same decay estimates as those given in Proposi-
tion 1.

2.2 Second main results using the diffusive representation

In this subsection, we state a second global well-posedness result for the modified
problem (3) without a smallness condition on the initial data u( using the so-
called diffusive representation. We introduce here a new variable y € IR that is not
physically relevant. Let u be a function that depends on t and on x. We define the
vector space

_ 22 v 2/p2
X_{veL (R )|(x,y)|—>a—yeL (R )}.

We note that X is a Hilbert space for the scalar product

v Jw

Vv,w € X, ('l/, U/)X = (V,W)LZ(]RZ) + (a—y, a—y)LZ(]RZ).

Hence, the following application

r: X —»LYR)
$(t) = L(P)(t) = p(t,y = 0),
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is a linear and continuous operator. Its dual map I'* is defined as
I*:L%(R) — X’
u(t) > T (u)(1) = u(t) ® 6,0,
where X’ is the dual space of X, 5y:0 is the Dirac delta function at y = 0 and
u(t) ® 6, is the tensorial product in the distributions sense of the applications
t > u(t)and y > oy.
A diffusive representation of the half-order integral I'/?u(t) is given by
I'2u(t) = 20(¢)(1),
where @ is a solution of the diffusive problem
{atq)(try) = q)yy(t'y) +I7(u)(t),
P(0,9)=0, yeR.
Hence, the modified model (3) reads as follows
Uy + 204 (D(D)) + 1ty — thyy + 121, = 0,
O; -y, —T"(u) =0,
supplemented with the initial data u(0) = uy and ©(0) = 0.
Now, we state the second global well-posedness result.

Theorem 4 — For all initial data uy € H}(R), the problem (9) has a unique global weak
solution (u, D). Moreover,

u € L(Ry, Hy (R)) N Cy (R, LF(R)),
uy € L*(R,, Hy (R)),
YT >0,  ®eL®([0,T],X)NC(R,, L3, (R?)).
Remark 2 — The particular role of the cubic nonlinearity (p = 2) in theorem 4 is
worth noting. For the generalized KdV equation, a different behavior is observed
in the L2 —critical case (p = 4), where finite-time blow-up solutions are known (see
Martel and Merle (2002) and Merle (2001) and references therein for more details).
This provides a motivation for investigating the role of the nonlinear term in the

global behavior of solutions for the general model (8). In addition, the sharpness of
the cubic case for the present model remains an interesting open question.

3 Proof of First main results

3.1 Proof of Theorem 1

Following Manoubi (2014), a solution of (6) is formally given by (7). Let uy € H(R).
The well-posedness of the linear problem (7) may be justified following the proof of
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3. Proof of First main results

Theorem 2.1 in Manoubi (2014). Now, we study the regularity of the solution for
initial data in H}(RR). Let t, > 0 and t such that t — t;. We have

llu(t,-) - ”(tOr')”H; (R) = IKRrp(t,-) % ug — Krpr(to,-) * ”OHH; (R)
< ”KRL(t:') _KRL(tOr')HL}((]R)HMO“HJ}(]R)-

Here, the function t — Kg; (t,x) is continuous for all ¢ > 0. Then using the Lebesgue
dominated convergence theorem, we get

lim (£, x) = u(to, )l g2 gy = 0

t—>ty

On ty = 0, since Ky (t,-) is an approximate of the identity, then
ion 1K ()% 10 = 1 gy = O,

which implies that u € C(R,; H] (R)).
To prove that u € C'/?(RR,; H;'(IR)), we apply the Fourier transform in space to
(6). Following Manoubi (2014), we establish that, for all t > 0,

i(t, &) e CY2(R,, L*((1+[EP) ' dE)(R)).

Using Plancherel formula, we conclude that the solution u is in C?(R,, H;'(R)).
Moreover, we observe that ii(t,&) € Cl(]0,+oo[,L§((l +1&7)71dE)(R)). Hence we

deduce that u € C1(]0, +oo[, H; }(R)).

3.2 Proof of Theorem 2

The proof is divided into two steps. The first one, we establish the well-posedness
of the linear inhomogeneous problem. Then, we establish the well-posedness of the
nonlinear problem using a fixed point method.

The linear inhomogeneous problem

We start by given the results associated to the linear inhomogeneous problem.
Consider

1 9 (" u(s) 1 5
”t""”x_uxx"'ﬁﬁjo t—SdS_g(f )xl (10)

supplemented with the initial condition u(0,x) = 0 for all x € R. We establish the
following result.
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Proposition 2 — Consider a function f € C(R,;H.(IR)), then there exists a unique
solution u to (10) given by

t
u(t,x):J(; N(t—s,-)% f3(s,x)ds. (11)

Moreover, we have u € C(R,; H!(R)) N C'(R,; H;!(R)).

Proof. From Manoubi (2014), a solution of (10) is formally given by (11). It is
classical now to prove the existence and the uniqueness of the solution. In the
sequel, we study the regularity of the solution. Let ¢, > 0 and ¢ such that t — t;,. We
have

lloa(t, ) = ulto, Mg )
t to
= ||j N(s,-)*f3(t—s,-)ds—f N(s,)% f2(to = 5,-)sll 1 )
0 0
to
sj ING, )% (2 =5, = 2t - 5, Dl o s
0
t
+J |IN(S,')*f3(f—5;')||H,%(1R>ds
to
On the one hand, using Sobolev inequalities and Lemma 1, it results
to
Jo IN(s, )% (f3(E=5,) = (0 = 5,) gz (ryds
to
< f IN G, Mgyl =5) = £2(t0 =, Mg gy s

<C sup IIf(v, I, f SallF =5 Flto =5, Mgy s
0

VE[O to]

1 . . Lo
We observe that s > — 17 is integrable on [0, t]. Hence, using the fact that f lies in

C(R,,H}(R)) and the dominated convergence theorem, we deduce that

to
tim [ NG (P =) = £t = 5. Dllgy gy = O (12)
0
On the other hand,
t t
|IN(s, *f (t-s, )||H§(]R)ds§ [IN(s, ||L1 ||f (]R)ds
to to
tds
<C sup If (I, f 4
ve[0,t0] to s1/2
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3. Proof of First main results

Passing to the limit when ¢ tends to t;, we deduce that

t
lim f ||N(s,~)*f3(t—s,~)||Hx1(IR)ds =0. (13)
to

t—>ty

It follows from (12) and (13) t hat u € C(Ry; HL(R)).

To prove that u € C!'(R,; H;!(R)), we apply the Fourier transform in space to
(6). Since f belongs to C(IR H!(R)) then f3 belongs also to C(RR,, H!(IR)). Using
the fact that u € C(R,, H.(R)), we estabhsh that, for all t > 0, 1,(t,&) belongs to
C(R,,L%((1 +]&>)"'d&)(RR)) . This ends the proof of the Proposition. O
The formal solution

Formally, we have that a solution of (3) supplemented with an initial condition
uy € HY(R) or uy € H}(R) N LL(R) is a solution of the following (mild) Duhamel
formulation

= [Kgrp(t, ) * ug]( f N(t—s,-)*u3(s,x)ds. (14)

We solve (14) by applying a contraction principle using a Picard fixed point theorem
to a functional @ defined by

t
D(u)(t,x) = [Krp(t,+) % up](x )—J N(t=s,-)* u’(s,x)ds,
0
in an appropriate metric space that we will define in the sequel.

Local existence

In this paragraph, we justify the local existence of a solution to (3) with an initial
condition in H(IR). Let T >0 and set

Xt =C(0, T;H,} (R))={u:[0,T] — H)} (R) continuous }.

Xr is a Banach space when endowed with the norm [|ullx, := SUP;e(o,7] ””(t)”H,}(IR)
In the following we give some properties satisfied by the functional ® on X7 with
uy € H(R). Let u € X1,we have

IKRL(E ) * uoll g1y < IKRL(E L wy 140l )

Using Lemma 1, we get

IKRL(t, ) * 1ol ) gy < Cmin(1,

\})IluoIIH
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Since we seek for a local solution, we choose that
Vte [0' T]1 ||KRL(t:')* uO”H}(IR) < Cl””OHH%(]R)
Moreover, using Lemma 1, we have

||f N(t—s,-)*u(s,x als||H f IN(t—s,)%u ()||H

: J ||N(f—S)IIL1 @l (5l gy s

(O] A
\/_

< C\/_||u||XTds.

This implies that
t
I N5 s x0dsle, < CoVTIIR
0

By (15) and (16) we deduce that, for all u € X7,
P ()lx, < Cilluollgy gy + C2VTNully,

Let u and v in X then for all t > 0 we have

P (u)(t, ) = L)t N (w

f N(t—s)* (u3(s) —v3(s))ds

H{ ()

sj IN (=)l gyl (5) = v ()1 ey s
0

t
1
<C ud(s yds.
| =10 Ol
Using Sobolev inequalities, we get

13 (5) = 0>l gy < 14(5) = v ey (1% (SMlegs gy + 102 )
<) = V(5 g e 1M, gy + IO g )
This implies that
(1) - D(v)llx, < Cs VTt — vl (Il + vl )-
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3. Proof of First main results

Now we define a set B, invariant under the action of ®. Let u, € H!(IR) and take
Rg = 2Cq|lugll1- Let By be the closed ball in Xt of radius R centered at the origin.
Thanks to (17) and (18) we get

Vu € By [P (u)llx, < Cilluollyy g+ C2VTRG,
and
Vu,v e By [|D(u)~D()llx, < C3RIVTI[u—vllx,.

In conclusion, we take T > 0 small such that CRO =max(C,, C3)R8\/T < % It follows
that ®(Bj) C By and thus the map @ is a contraction on By. Using the fixed point
theorem we deduce that there exists a unique fixed point u of the functional @ in
the ball Bo.

In the sequel we prove the global existence of the solution.

Global existence

In the following, we assume that u, € LL(IR)() H} (IR). We define the Banach space

X :={v € C(Ry; LY(R))/ sup t"4u(t, )l 2(g) < 00 and sup < t > [[v(t,)l|eo(w) < o0},
>0 t>0

endowed with the norm [|v||y = sup,., t"4||v(t, Mr2(ry +5uPssg <t >12 1u(t, M (r)-

Now we give some properties satisfied by ® on X when u( € LL(R)( H}(RR). First
we have forall t >0

IKRL(t ) * uollLgery < IKRL(E L gy 0]l () -
Using Lemma 1, we have
. 1
IKRL(t, ) * upllrer) < Cmin(L, $>||MO”L§§°(IR)~

Then, if t <1, we get

IKRL(t, ) * tollrewr) < Clluollre (r)- (19)

However, if t > 1, we get
C
IKRL(t, ) * uollror) < $HMOI|L§°(IR)- (20)

We recall that fort>1and a >0

1Y <<t >%< 207244, (21)
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Hence, by applying the previous estimate with a = % in (20) and taking into account

(19), we deduce

1
Vt>0, [[Kpp(t,-)*ugllpeo(m) < WH“O”L?’(M

Due to the continuous embedding H} (R) < LP(IR), we have

G

W””O”H)}(IR)'

In addition, let u € X then for all t > 0 we have

V>0, [[Krp(t, ), ugllpe(r) <

t t
||f N(t— 5% 13(s x)dslliem sf IN(t 5, % 13(6)l oy ds.
0 0

Let t <1, then using Lemma 1 and Holder inequality, we get

t t
I N sz < [ NG9z Oz s
0 0

t
1
< C |z MO s
0

(t=s)3
<C ————ds|[llullx.
0 (t—s)ist <s>
t t
d d
Taking into account that f 3 Sl < J- 53 - < C, it follows
0 (t—s)3st<s> 0 (t—s)4s14
t
V<1, ||j N(t—s,‘)*u3(s,x)ds||L;o(Hg) < Cllully-
0

Now, let t > 1. Using Lemma 1 and Holder inequality, we get

t t
f IN(t =) % 163 ()l () ds sf IN (¢ = )12 12 (52 g (9D o e
0 0

P Vsllu(s)llre(w)
3

2
T —ds ||ully.
0 (t—s)3sis2 <s>2

<C

Using the fact that

YO<s<t, Vs<vV<s><V<t>,

we get

t t
J ||N<t—s>*u3<s)||mmdsscf LS
0 0



3. Proof of First main results

It follows that

t
C
Vi>1, ||f N(t—s,-)*u3(s,x)ds||L;o(1R) < —||u||§’<. (24)
0

vt

Hence, from (23), (21) and (24), we deduce

C,

R) < W”M“x- (25)

t
Yi>0, ||J N(t—s,-)*u3(s,x)ds||L;o(
0

Now, we seek for similar estimations en L2-norm. First, using Lemma 1 and Holder
inequality, we have

. 1 1
”KRL(t:')*uO”L}((m) < C”KRL(t:')”L}((IR)”L‘OHL}C(]R) < Cmm(m'ﬁ)””OHL}c(H{)
This implies that
Cs
Vit>0, ”KRL(t,')*uO”L}C(H{) < m”uO”L}((IR)' (26)

In addition, using Lemma 1 and Holder inequality, we get

t rt
||j0 N(t=s,)% (s, x)ds|| 2, < J, IN (£ =s,-) % 1> (5)l| 2 ) 5
rt
< ||N(t—5,‘)”LZ(]R)||u3(5)||L1(]R)d5
JO X X
rt
< | NG =502 (gylluds )II w11 )l w)ds
Jo
ds
< ( ﬁ]”””?{-
(t—s)1s2 <s>2
Taking into account that Jo s < fot ds _ < L it follows that
(t—s)4s2<s>2 (t—s)4s2 t4

t
C
V>0, ||f N(t=s,)% (s, x)ds|| 2 ) < =l (27)
0 t1

Hence, recalling (22),(25), (26) and (27), we get for all u € X
H4 D (u(s sOp2wy+ <t >U2 1D (u(s)) s (wy < Aqlluollptrynml (r) +Asllull. (28)

Next, we seek estimations to deal with the contraction of the function ®. Let u and
v bein X and t > 0, we have

1D ()(t,) - D) i) fuNt—s u3(5) = v ()l ds.
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Let t <1, then using Lemma 1 and Holder inequality, we get

(), ) - D)t iz fuNt—san 13(5) 0 ()l 2y

< C.[O ! 3 llu(s) —v(s )”L}( (””( )HL;COO(]R)+||V(5)||1%§°(Hg))d5

(t—s)%

t

ds ) 5

<€ [ ol + )
0 (t—s)ist <s>

It follows that
vi<l, D (1)(1,) ~ D)t Miemy < Cllu—vllx (Il +1ll ). (29)
Now, let t > 1, then using Lemma 1 and Holder inequality, we get
D (u)(2,-) - tolle(w
f INGE =) (5(5) v (D ds

f IN (=)l 1 (5) = w2y (10 B gy + 110009) Py ) 5

j;(ﬂu (5o + Vol 5oy ) s
0 (t—s)

3 3
454 <s5>

Nl

xlu=vllx (lJullx +lvlix)-

Since we have

Yo<s<t, Vs<vV<s><V<t>,

then we get
o ds
I (u)(E, ) = D) (E, Mo ryds < C =l ([l + 1% )
0 (t—s)4s4
It follows that
C
V> IR0 ) = @) My < <l vl (e + 115 (30)
Now, recalling (29) and (30), we deduce
Cs
1t>0, [0()(t) - )t hg < — 2o (Il o+ 0l ) lu-vlx.  (31)
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3. Proof of First main results

Next, we seek estimations on L2-norm. Let u and v be in X and ¢ > 0, we have

(), 1D ()t 2z
fuN =9k (13() = 0 (5Dl 2
sfo IN(E =)l 13(5) = 225 1 e
<c f ()~ vz (125 2 + 02z ) s
0 (t=5)
Using the fact that [12(s)l 2.z < I14(5)2 g (512, we get

ds

1
(t—s)¥4sV/2<5>2

2 2
(laellg + 115 ) e = wllx.

t
D)t )~ P M2 < c[ [

It follows that

C
VE> 0, [[@(u)(t,) = D)z < 7y (el + 0I5 ) e = vlix. (32)

Using (31) and (32) we get: forall t >0
D (u)(t, ) = P @)L 2 gy < £ > 2P W) (E ) = D@ w) 53
< As (llull + Il ) llu = llx.

We denote by B = {u € X;||u|lx < R} the closed ball of X of radius R centered at the
origin. Recalling (28) and (33), we get

YueB [|[P(u)|x < Al””O”L}((]R)mH%(]R) +A2R3;
and
Yi,v e B [|O(u) - O(v)llx < A3R|ju—v|lx.

We choose R = 2A1””0”L§(1R)mH;(IR)- Hence, taking H”O”L}C(IR)mH}(IR) small enough such

that Cg = max(A,,A3)R? < % Hence, we get ®(B) C B, and thus the map ® is a
contraction on B. We deduce that @ admits a unique fixed point in B given by (14).

3.3 Proof of Proposition 1

For all t and s € R, we define

Mz(t):supmax(sl/4,s3/4)||u(s,-)||L)2((]R) and Moo(t):supmax(sl/z,s)Hu(s,~)||L§o(1R)
s<t s<t
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We proceed in two steps.

First step. Let ¢ > 0 be sufficiently small and let uy € LL(R) N H)(IR) such that
||u0||L1(1R)mH% (®) S € We have the general result for all t € R,,

4 (e, 2 gy < Ce.
First, we consider the case 0 < t < 3, we observe that
max (¢4, ) [u(t, M2y < CH It )25y < Ce.
Now, let t > 2, we have
t
[l (2, ')”LE(IR) < |IKgp(t, ) * MOHL;(H{) + f IN(t—s,-)* ”3(5: ‘)||L§(]R)d5-
0
On the one hand
Ce
IKRL(t: ) * uollp2 gy < A (34)

On the other hand,

t 1
[ te=s e olmds < [ NG5 0005 s
0 0 (35)

t
" .[ IN(E=,) % 13(s, |2 -
1

Now we estimate each integral on the right hand side of (35). First, since 0 <s <1,
we have

1 1
jo INGE =5, 35, 2y s SL IN (=)l 21 () gy s

1
< | I =Sl D g s
0 X

We recall that, we have established that

Ce
Vi>0, |lu(t)iem < <Ce. 36
[l (2, )lreo (w) N (36)
Hence, using Holder inequality, we get
! 3 ! 1 1/4 2
J IN(t—s,-)%u (s,-)||L)%(IR)ds§J- ﬁ(s ||u(s,-)||L§(]R)) Ceds
0 0 (t—s)4s2
1
d
0 (t—s)ds2
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3. Proof of First main results

Now, using a change of variables on the last integral, we get

1/t d
jHNt—s )% u(s, )||Lz ds<C—1é —OM§(t)~

11 Jo (1 _0)3/401/2
It follows that

Ce

—MZ2(t).
t1

1
J I 50l s <

Moreover,

ant—s,)*u(s, 1. ant—san NS,

sf N = 5l g (I g Il s,
1 X

Since for 1 <s <t, we get

t t 1 2
J ||N(t—s,-)*u3(s,-)||L§(mdsgf (—3(53/4||u(s,-)||L£(R)) Ceds
1 1 2

t—s)%s
t
d
<Ce J SN VTP
1 (t—s)Zsi

Now, using a change of variables on the last integral, we get

t
Ce do
3 49
LIIN(t—S,')*u (s M2 (w) d5<t_% : (1_0)3/40.1/2

M3(t).
Since t > 2, it follows that
p C
&
J IN(£=s,) % 13 (s, )| 2y ds < FMg(t).
1 1

Collecting the estimates (34), (37) and (38), we conclude that

My () = 24 lu(t, M2 ry < Coe + CreM3(2).

We define f(X) = C;eX? - X + Cye. Hence M, satisfies the inequality f(X)

> 0.

Let A = 1 —4C;C,e?. We observe that for ¢ small enough that there exists two
distinct positive roots of f, namely, X; < X,. Since M;,(0) = 0 and t +— M,(¢) is
continuous then M,(t) € [0, X ]. Moreover, we can choose ¢ > 0 small enough such
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that f(2Cy¢) = C,e(4C; Cre? — 1) < 0 which implies that M,(t) < 2C,e. Hence for
t > 2, we have

max(t"4, ) lu(t, )l 2g, < Ce. (39)
This completes the proof of the upper bound in L? norm.

Second step. Let [|ug|lp1 (r)nm1 (r) < € With € > 0 small. We have the general result for
all t e R,

<t>"2lu(t, e < Ce.

Since, for all t > 0, we have t << t >, we deduce that
V>0, 2u(t, k) < Ce.

Now, let 0 < t < 3, we observe that
max(V, £)l[u(t, )l r) < CVEu(t )l < Ce.

Now let t > 2 then

t
llu(t, e w) < IKRrL(t ) * uollre(r) +j “N(t_5:‘)*u3(5r')||L§°(IR)d5
0

Concerning the linear kernel, we have

Ce
IKRL(t: ) * uollLge ) < IKRL(E Iy gy ol r) < a7
Besides
Ce
IKRL(t: ) * uollLge ) < IKRL(E Mg wylloll 1 gy < -+
It results that
. 1 1 Ce
IKRL(t, ) * ol () < len(m, ?)8 <0 (40)

We seek the estimation for the nonlinear kernel. We have

t 1
f ||N(t—s,-)*u3<s,->||L;o(m>dsgj IN(t=s,) % u3(s, )|z w)ds
0 0
t

2
+f IN(E =5, )% 036 Misds (41)
1

t
+ J: IN(t=s,)* 13 (s, )|y ds.
2

52



3. Proof of First main results
Now we estimate each integral on the right hand side of (41). First, since 0 <s <1

we have
1
j IN(t—s,-)*u (5;‘)||L§°(1R)d53f IN(t = )l )l ()72 o 114 ()10 () s
0

0
Using (36) and Holder inequality, we get
1
ds
- M2(1).
(t—s)s2

1
J [IN(t—s,-)* u3(s,-)||L;o(1R)ds < Cej
0

0
Now, using a change of variables on the last integral, we get
1 . Ut
Ce do
L IN(t =s,-) % u3(s, )l (my ds < WJ 1=o)AgT? 2(t).
It follows that
ds < gM t). (42
2

1
[ M
0
Moreover,

\[IWf—&)*us,Mm

Since for 1 <s < 2, we get

t
2
f IN(t=s,) % 1> (s, )l (yd's < CEJ
1

JﬁnNt—smw ()13 g (9l s

ds
M3 (t).

(t- s)s%

1
Now, using a change of variables on the last 1ntegral we get
do
2 (1):

Ce
_[nNrﬂ»*u@»mw wis< x|
Since t > 2, it follows that
yds < QMZ( t). (43)

J;z ”N(t _~9"')"'1/l3(51')||Lm

Finally,
_fuNt—smx|m(mg )2,

fHNt—& 35, Wi
<Cg[uNa—gm%wmcm&(nm>mw

53



A modified nonlocal Water Wave model I. Manoubi

Since % <s <t, then in particular s > 1. Hence, we get

t t dS
[ s s s < e | 5 MMl
: L (E-9)ish

Now, using a change of variables on the last integral, we get

t 1
Ce do
J INGE— 5% 13 (5, Mo < <= [ —27 My(tM(0).
3 t2 Ji (1-0)io1
Since t > 2, it follows that
t C
3 E
[N =505 s < S MMt (44)
2

Collecting the estimates (40), (42), (43) and (44), we conclude that
Mo (t) = tlu(t, e gy < Ce + CeM3 (t) + CeMy(t) M (1).

Recalling (39), we conclude that Mzz(t) <1land CeM,(t)M(t) < %Mm(t). Hence we
get forall t > 2

Meo(t) = max(VE, )llu(t, le(w) < Ce.

This completes the proof of the upper bound in L* norm.

4 Proof of the second main results

In this section, we establish Theorem 4. We start by defining a weak solution of (9).

Definition 1 - We denote by weak solution of the regularized problem (9), a couple
(1, @) such that

¢ u € L®(R,, Hy(R) N Cy(Ry, L3(R)),
* u, € LRy, H{(R)),
* VT >0,® € L®([0,T], X) N C(R,, L3 ,(IR%)),

that verifies for all 7 € H!(IR) and ® € X’

d —
[0 D)y + 200P(0), ) 3y |+ (1x(0), Ty + (0 (0), Ty

= (1 (D)), T3y
d — — —
[P, P2 ey + [Py (1), Py Iz () = ((8), P(x, 0)) 2w,
u(0)=ug € H,% (R),
®(0) = 0.

54



4. Proof of the second main results

We recall the following result from Goubet and Manoubi (2017).
Lemma 2 — Forall ® € X, we have
D@2y < 1012 52 1Py 2 ey

In the sequel, we establish the following a priori estimates.
Lemma 3 - Let T > 0. We have that

* uel®(0,T,LAR)),

* u, € L°(0,T,LZ(R)),

* tg € L2(0, T, L2(R)),

. ®eL®0,T,X),

« 9, ® € L*(0, T, I3 ,(R?)).

Proof. First, we proceed as in the proof of Theorem 1.1 in Goubet and Manoubi
(2017), we get

|u(t)|L§(1R) < |”0|L§(1R)f

||q)y(t)||mgyy(1122) < |MO|L§(]R):

Sk

t
1
2 2
L 45z )4 < 1Mol 2y
1
2

t
2
J:) ||(Dt(s)”m)2(’y(m2)ds <
Pz, gz < <o)t

In order to get more regularity on the solution for initial data u, € H)(RR), we take
the scalar product of the first equation in (9) with 1, in L2(IR) and the the scalar
product of the second equation in (9) with ®;,, in IL,zw(le), we get

1d
EEWX(” I%;%(IR) + Z(F((Dtx)’ ux) + |uxx(t)|i%(m) = (MZ(t)ux(t): uxx(t>)r

1 d 2 2 _
E%“q)xy(t)nmiy(mz) + “q)tx(t)”]L,Z(,y(IRz) - (r(q)tx): ux)-

It follows that

d (1
T (Elux(t) i)zc(lR) + ||q)xy(t)||i§'y(mz))+ |uxx(t) iﬁ(IR)

dt (45)
+ 2||q)tX(t)||12JL,%,y(IR2) = (uz(t)ux(t): uxx(t))'
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Using first the Cauchy-Schwarz inequality, we get

(”z(t)ux(t)l uxx(t)) < |u(t)|i;°(]R)|”x(t)|L§(1R)|uxx(t)|L§(1R)

2 2

1
< |u(t)|%§°(ﬁg)|”x(t) L2(R) + E|”xx(t) LA(R)’

N =

Using the Agmon inequality and the a priori estimate on u from Lemma 3, we
deduce

1 1
(”2(t)ux(t)l uxx(t)) < §|u0|i§(m)|ux(t) iz((]R) + EIMXX(t”Iz,%(lR)'

Substituting the above estimate into (45), we deduce that there exists a constant
¢ = c(ug) depending on u, such that

d (1 1

T (Sl gy 10 (O g )+ el g < Mt By e (46)
Define the functions W(t) = J|u,(t) ig(m) + ||Cny(t)||]2L%’y(Rz) and g(t) = |u,(t) ii(m). We
deduce from (46)

4y L 2, < v 47

W)+ Sl g < o)), (47)

From Lemma 3, we have that g € L'(IR, ). Now, we integrate (47) in time from 0 to t,
we get

t

W(t) <W(0)+ c(uo)-[0 g(s)¥(s)ds,

where W(0) = |u0x|i§(IR)

¢(ugp) that depends on 1 and ug, such that

. We deduce by Gronwall Lemma that, there exists a constant

1 3
St g < o) (48)

Moreover, integrating (46) in time from 0 to ¢ and using (48), we get

1 (! i t
3 | 195 ol ) [ .

This completes the proof of the lemma. O

Proposition 3 — The problem (9) has a unique maximal solution defined on the interval
[0, Tyaxl, where 0 < Tppn < +00.

Corollary 1 — Using Lemma 3 and the blow up alternative, we deduce that T,,,, = +oo.
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5. Numerical computation for the fractional PDE

Following the work of Goubet and Manoubi (2017), we justify the existence of a
weak solution (u,®) of (9) by a limiting argument using the Galerkin method. We
note that there is a quiet difference only in the estimation of the nonlinear term.
Moreover, it is standard to justify the continuity and the uniqueness of the solution
(1, D) of (9). We omit the details for the sake of conciseness.

5 Numerical computation for the fractional PDE

5.1 Numerical schema using the diffusive representation

This section deals with the numerical solution of the generalized model

V5O (7 uts)
+\/EatL t—s

when p > 1 supplemented with the initial condition u(0,x) = uy(x). Here v and «
are non negative parameters.

Up + Uy + Plyyy ds+yuPu, = auy,, (49)

In order to write a numerical scheme that is local in time, we use the diffusive
representation of the Riemann-Liouville half-derivative, following the work of
Dumont and Manoubi (2018). We choose here the following representation (see
Dumont and Manoubi (2018) and Montseny, Audounet, and Matignon (2000))

21 p(t,0) = -2 P(t,0) + %u(t), $(0,0)=0, 02>0,

DY?u(t) = J-+m(zu(t) —02¢(t,0))do.
0

TC

Hence, the integro-differential model (49) is equivalent to the system

dru(t,x) + dy(u+ (pVTl)upH) = —\/;J;m(%u(t,x) —o?(t,x,0))do

+ Aty (1, X) = Py (t,x),  (50)
2
o (t,x,0) = —a*P(t,x,0) + ;u(t,x),
supplemented with the initial conditions (0,x,0) = 0 and u(0,x) = uy(x), for all

t>0,xeRand o > 0.

In the sequel, we approximate the integral in (50) using the Gauss-Jacobi quadra-
ture with N nodes. We denote by w; and o; for i = 1,..., N the weights and abscissas,
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respectively. Hence, the system (50) is written as a first order system as follows

N

deu(t,x)+ 0 (u + ﬁu’”l) = —W;wi(%u(t,x) - O'izll)i(t,x))
+ auxx(trx) - ﬁuxxx(trx): (51)

o1 (t, x) = —aizv,bi(t,x)+ %u(t,x) (i=1,...,N),
endowed with the initial conditions 1;(0,x) = 0,i =1,...,N, and u(0, x) = uy(x), for
allt>0,x€R. Now, let U = (u,lpl,...,l,bN)T be the vector of (N + 1) unknowns,
y T
FU)=|u+—L—uP0,...,0
) ( (p+1)

and

_szi Vvwiol e e Avwyod

S = 2 —o? 0 0
2 2
e 0 —0'2 0
2 2
2 0 -0y

Thus, the problem (51) is written in the following form
U+ 0, F(U)=S(U)+G192U +G,d2U, (52)

where G; and G, are diagonal matrices of order N + 1. Now, we use a splitting
scheme for the numerics. Let At > 0 the time step. For all m =0,...,N,, we note by
t™ = mAt and

U™(x) = U(mAt, x).
From equation (52), we consider the propagation equation

U+ 0, F(U)=G,02U +G,d>U, (53)
and the diffusive equation

2, U =S(U). (54)
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5. Numerical computation for the fractional PDE

Then a Strang Splitting method of order 2 (see Holden et al. (2011) and LeVeque
(1992)) between t,, and t,,,1 is used to solve respectively (53) and (54), witch provides
an approximation of order 2 in time to the problem (52).

On the one hand, to approximate the solution of the propagation equation,
we write a semi-discret in time scheme, using the Crank-Nicolson scheme for the
linear part and Adams-Bashforth scheme for the nonlinear part. We denote by u™
the approximate value of u(t"). Then the space approximation of the solutions is
performed by standard Fourier methods:

3(W _(ml
2

ﬁm+l_ﬁm ﬁm+l+12m . ) 5 Z)/(E
At B 2 (-aé _lé+lﬁé)_p+1

( ) (55)

On the other hand, the diffusion equation (54) is calculated numerically using the
formula

At
2

g AL

H(—)U=657U. (56)

where H is the discret operator of the solution of (54).

5.2 Numerical results and discussion

We take an initial datum uy which provides a small amplitude and long wave of
a generalized-KdV soliton when a« =v =0, f =1 and y = 6. We denote by x, the
middle of the space interval then the initial datum reads

ug(x) = 0.054(p + 1)(p + 2) sech %(0.4*p(x— Xo))-

All numerical simulations are constructed over the space interval [0,A] = [0,500]
and the time interval [0, T]. We consider the time step At = 0.1, the space step
h=0.1 and periodic boundary conditions i.e u|,—o = #|y=4.

Our goal is to investigate the impact of the parameters in (49) on the asymptotical
behavior of the numerical solution and to compare these results with those presented
in Dumont and Manoubi (2018) and Manoubi (2014) for the classical case p = 1.

The study of the convergence in number of grid points N are already done in
Dumont and Manoubi (2018). We observed that the use of N = 15 points of the
Gauss-Jacobi quadrature method is sufficient to get fulfilling numerical results.

In figure 1, we illustrate the influence of the parameter p on the solution. We
consider the parameters a =1, § =0, ¥ = 2, v = 0 (the case of the generalized
KdV (GKdV) solution) and v = 1 (with the nonlocal term). We plot the solution at
time T = 200. We observe that for the two cases (a) and (b), the solutions have the
same shape. However, the solutions amplitude increases slightly when p increases.
Moreover, when v = 0, the solutions amplitude is very decreasing (at the order of
0.005 when p = 3) comparing with the corresponding GKdV-solution (at the order
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Figure 1 — Solutions at time T = 200 for different values of p when a =1, § =0 and
y=2(a)v=0,(b)v=0.5.

of 0.07 when p = 3). Moreover, the presence of the nonlocal viscous term slows
the wave down (the solutions centered at 290) comparing with the GKdV-case (the
solutions centered at 450).

Now, we compare the theoretical and numerical results on the decay rate of the
solution. Hence, we take a =1, v = 0.5, = 2 and 8 = 0. We plot the decay rates L?
and L* norms on the interval (0,200) for different values of p. In figure 2, we first
present the decay rates of the GKdV-solution (v = 0) in (a)-(b). Then, we plot the
decay rates of solutions to the scheme (55)-(56) with v = 0.5.

On the one hand, we observe that, when there v = 0, the Lz—decay rate approaches
—0.25 and the L*-decay rate approaches —0.5. The difference between the decay
rates for selected values of p is quite small. We deduce that the influence of the
parameter p is very negligible. These results are similar to those given for p =1 in
Dumont and Manoubi (2018).

On the other hand, considering the case v # 0, we observe that the Lz-decay rate
approaches —0.75 and the L*°-decay rate approaches —1 for selected values of p. We
note that similar results are observed for several values of the parameters, when
considering the same selected values of p. Moreover, the numerical results are in
correspondance with those proven theoretically for p = 1 in Manoubi (2014).

Now, we simulate the scheme (55)-(56) when theoretical results are not provided,
namely when g # 0. Since the value of p is quite significant, we provide numerical
results when p = 2. We take (a,v) =((0.5,0),(0,1) and (0.5,1)), y =1 and p = 6. We
note that, when a = v = 0, the exact solution is the soliton u(t,x) = ug(x — 1.64t).

In figure 3, we plot the solutions when T = 100. The geometric dispersion term
Buyyy plays a role on the appearance of the oscillations on the solution. When the
nonlocal term is present, the local term is quite significant. Moreover, the nonlocal
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Figure 2 — L? and L*®-decay rates of the solution for different values of p when a = 1,
y=2,f=0and,v=0o0rl.

viscous term reduces the amplitude and slows down the wave considerably.

In figure 4, we plot the L? and the L™ decay rates on the interval (0,1000). Again,
when v # 0, the L?-decay rate approaches —0.75 and the L*°-decay rate approaches
—1. This is in coherence with the theoretical results established in Proposition 1.

Norm a=0,v=0.5 a=0.5v=0 a=v=0.
7=0 y=1 y=0 y=1 y=0 y=1
p=1 p=2 p=3 p=1 p=2 p=3 p=1 p=2 p=3
L® -1.014 | -1. -1.014 | -1.016 || —0.410 | —0.403 | —0.41 | —-0.411 || —0.9821 | —0.976 | —0.982 | —0.982
L? —0.782 | —0.78 | —0.782 | —0.782 || —0.241 | —0.234 | —0.241 | —-0.242 -0.8 -0.79 -0.8 | —0.802

Table 1 — Decay rates of the solution when g = 6.

Finally, in table 1, we compute the decay rate of solutions to (55)-(56) when
B = 6 for different values of the parameters. These computations cover the linear
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Figure 3 - Solutions at T = 100 when p = 2, (a,v) = ((0.5,0),(0,1),(0.5,1)), y =1 and
B =6.
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Figure 4 — (a) L?-decay rate of the solution, (b) L-decay rate of the solution when
p=2(a,v)=((0.50),(0,1),(0.51)), y =1 and = 6.

and the nonlinear cases for different values of p. The presented results confirm well
the theoretical results given in Proposition 1 and the observed numerical results.

Conclusion
In this article, we investigate a modified water wave model with power nonlinearity

in the presence of a fractional operator in time. We first establish the existence
and the decay estimates of solutions for a general class of nonlinearities, under a
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smallness condition on the initial data. We then adopted a diffusive realization on
the fractional term and we proved the global wellposedness of the problem in the
cubic case removing the smallness assumption. Finally, numerical investigation is
provided to exhibit the behavior of the model for different power nonlinearities.
We observe that, for the selected values of p, the nonlinear term does not effect the
asymptotical behavior of the solutions. In particular, we get the same decay rate
as in the classical case*. This was expected since the nonlinearity is asymptotically
weak (see the classification in Hayashi et al. (2006)). An interesting open problem
is to establish the same decay estimates of solutions by extending the analysis to
arbitrary initial data. Moreover, it would be interesting to explore the possible
occurence of blow-up for large nonlinearities.
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